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Suomary 

In  this  paper  we  consider  the  problem  of  determining  the 
asymptotic  behavior  of  solutions  of  linear  differential- 
difference  equations  whose  coefficients  possess  asymptotic 
series . 

Although  the  problem  Is  considerably  more  complicated 
th£ui  the  corresponding  problem  for  ordinary  differential 
equations,  by  means  of  a  sequence  of  transformations  we  are 
able  to  reduce  the  problem  to  a  form  where  the  standard 
techniques  of  ordinary  differential  equation  theory  can  be 
employed. 

We  first  transform  the  differential-difference  equation 
Into  an  Integral  equation,  then  transform  this  Integral 
equation  Into  an  Integro- differential  equation.  At  this 
point  the  Llouvllle  transformation  plays  a  vital  z^le. 
Although  the  guiding  Ideas  are  simple,  the  analysis  becomes 
formidable.  For  this  reason,  we  have  considered  only  some 
of  the  more  Immediate  aspects  of  the  problem. 
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ASYMPTOTIC  BEHAVIOR  OP  SOLUTIONS 
OF  DIFFERENTIAL-DIFFERENCE  EQUATIONS 

Richard  Btllnan 
K«nn«th  L.  Cook* 


1 ,  Introduction 

Th*  Aiynptotlo  behavior  of  th«  solutions  of  llnsar 
systsms  of  dlffsrontial  squations  of  ths  form 

(1.1)  x'(t)  -  A(t)x(t), 

whsr*  x(t)  is  a  vsotor  of  dlasnsion  N  and  A(t)  Is  a 
glvsn  matrix  of  dimsnsion  N  with  known  bshavior  as  t  t  gd  , 
has  long  bstn  a  subjset  of  invsstigation,  and  an  txtsnsivs 
litsratur*  now  exists^.  On#  of  th*  most  intsrssting  oasss  is 
that  in  which  A(t)  posstssss  an  asyiqptotio  powtr  ssriss 
sxpansion, 

(1.2)  A(t)  ~  Z  A^t-". 

n—0 

For  txampls,  it  is  known  that  if  the  matrix  Aq  has 
simple  oharaoteristic  roots  ' ' '  *\*  with  each 

root  Aj  there  is  associated  a  solution  ^j(^)  having  an 
asymptotic  expansion  of  the  form 

Kt  r  00 

(1.3)  x  (A)~.Jt'>  Z  0  t-",  (0  -  1), 

J  n-0  "  ^ 


'^For  a  thorough  discussion  and  further  references,  refer 
to  Bellman,  [l]  *  Coddington  and  Levinson,  [5]  . 
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whtr*  Pj  !•  d«p«nd«nt  on  and  whoro  th#  aro  oonatant 
vtoton.  Fui*thamort ,  tlnot  thoao  N  oolutiona  aro  linaarlj 
Indtpendant,  ovary  solution  of  the  aquation  in  (1.1)  is  a 
linear  oombination  of  thasa  particular  solutions.  In  tha  oasa 
In  which  tha  oharaotarlstiq  roots  ara  not  all  sijspla,  similar, 
but  more  complicated  results  exist.  Also,  similar,  but  lass 
precise,  results  ara  known  if  the  relation  in  (1.2)  is  raplacad 
by  tha  weaker  hypothesis 

(1.4)  k{t)  -  Aq  +  A^(t)  +  AgCt). 
where 


||Ai(t)||  dt  <  00, 
l|A^(t)ll  dt  <  ooi 
of.  [1],  [fl,  [7]. 

A  corraspondini;  theory  for  dlffara’  wial-dlffaranca 
equations  of  tha  fona 

(1.5)  X'  (t)  -  2  A.(t)x(t  ~  ) 

1-0  ^  ^ 

has  been  slow  to  develop,  though  a  start  was  made  in  a  paper 
by  Cooke,  [(Q  .  Asymptotic  behavior  of  the  solutions  of 
particular  equations  of  the  form 

(1.6)  x'(t)  -  "  (tA.  +  B.  )x(t  -  01  ), 

1-0  ^  ^  ^ 
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«h«r«  th«  and  are  constant,  has  bssn  studied  by 

Tates,  [8]  .  'niese  two  papers  both  contain  quite  Involved 
analysis.  As  a  prellalnary  to  the  present  paper,  one  of  the 
authors  has  devised  an  elementary  method,  of.  ^31# 
ousslng  the  equation  In  (1.3)  In  case  the  A^(t)  have 
asyBq;)totlo  power  series  expansions  and  all  oharaoteristio 
roots  of  Aq  are  sinple. 

We  shall  present  here  a  new  technique  which  will  enable 
us  to  show  that  to  each  root  of  the  characteristic  exponential 
polynomial  there  corresponds  a  solution  possessing  an 
asymptotic  expansion.  The  technique  is  applicable  to 
differential-difference  equations  of  the  form  in  (1.3)  under 
hypotheses  like  those  in  either  (1.2)  or  (1.4).  In  case  the 
hypotheses  are  of  the  type  In  (1.2)  and  all  characteristic 
roots  are  slinple,  the  expansion  of  the  solution  will  be  of 
the  form  in  (1.3).  If  the  roots  are  not  simple,  it  will  be 
of  a  form  described  below.  The  method  is  also  applicable  to 
ordinary  differential  equations  of  the  fora  (1.1). 

There  are  essentially  two  aspects  of  the  problem  dis¬ 
cussed  here.  First,  one  must  establish  the  existence  of  a 
solution  associated  with  each  characteristic  root  and  having 
cm  asymptotic  expansion  of  the  indicated  type.  Second,  one 
must  prove  that  every  solution  is  a  linear  combination  of 
the  special  ones  found  so  that  we  know  the  asymptotic  be¬ 
havior  of  every  solution.  For  differential  equations,  since 
there  are  only  a  finite  nusiber  of  characteristic  roots,  the 

second  proof  is  trivial,  but  for  differential-difference 
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•quAtions,  for  whloh  thero  art  Infinitely  many  charaoterlatlc 
roots,  this  is  not  the  oast.  In  the  prtstnt  paper,  wt  shall 
consider  only  the  first  aspect  of  the  problea. 

Throughout  this  paper,  we  shall  deal  only  with  the 
scalar  equation 

(1.7)  vi'(t)  a(t)u(t)  +  b(t)u(t  -  o)  «  0, 

rather  than  with  the  veotor-natrix  equation  in  (1.5)»  in 
order  to  hold  the  details,  which  are  occasionally  onerous, 
within  reasonable  Units.  However,  the  method  to  be  used 
needs  no  essential  modification  in  order  to  be  applied  to  the 
equation  in  (1.5).  Moreover,  so  that  the  fundaskental  ideas 
of  our  method  will  be  as  clear  as  possible,  we  shall  divide 
the  discussion  Into  several  parts,  beginning  with  the  simplest 
case  and  taking  up  successively  more  complicated  cases.  In 
^2,  we  shall  susnarlze  various  known  results,  which  we  need 
later,  concerning  differential-difference  equations  with 
constant  coefficients.  In  ^^3'7#  we  shall  show  how  to  find 
the  asymptotic  expansion  associated  with  a  simple  oharsoter- 
1st Ic  root  of  the  equation  In  (1.7)f  and  In  subsequent 
sections  we  shall  extend  the  method  to  include  omltlple  roots. 
We  shal'’  also  Indicate  some  generalizations  to  more  general 
linear  funotlonal  equations,  and  to  nonlinear  differential- 
difference  eqiiations.  These,  however,  will  not  be  discussed 


In  detail. 
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2.  PlffTtntlal-dlfftrtnot  Eguationi  with  Conitant  Cotfflcimti 
In  this  ssotlsn,  vs  shall  sumarlss  various  known  rssults^ 
oonosmlns  ths  soalar  aquations  with  oonitant  oosfflclsnts, 

(2.1)  u'(t)  +  aQu(t)  +  b^uCt  -  CO)  .  0. 

Ths  oharaotsrlstlo  function  of  this  aquation  is  tha  axponantlal 
polxnoMlal 

(8.8)  h(*)  -  •  +  «Q  + 

lha  oharaotsrlstlo  roots  of  tha  aquation  in  (2.1 )»  zaros  of 
h(s),  11a  asTBvtotloally  along  tha  ourva 

(2,3)  «•(•)  +  log  Isi  -  log 

spaoad  an  asymptotic  dlstanoa  of  2tu~^  apart,  nils  ourva  is 
sywaatrlc  to  tha  real  axis,  and  is  siailar  to  an  axponantial 
ourva  for  larga  \sl  .  As  tsl — ^  oo ,  with  s  on  tha  curva, 
tha  ourva  baooaes  mors  and  mors  naarly  parallal  to  tha 
iaaglnary  axis,  and  Ra(B)— >>  —  oo  .  Tha  roots  a*:^  aithar  raal 
or  alsa  occur  in  oonjugata  pairs  (assiuaing  Sq  and  b^  ara 
raal),  and  on  any  vartioal  lina  thara  lie  at  mo»t  two  roots. 

Tha  roots  with  non-nagativa  imaginary  parts  can  ba  put  into 

a  saquanoa  ,  n  °  1,2,...,  whara  >  ^(^n+1^* 

J 

m  mt  m  mm  ..... 

■‘‘For  further  details,  refer  to  Bellman,  [2],  or  Wright, 

[9] .  ^0] . 
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Plnally,  all  roots  ara  slnpla,  azoept  possibly  that 

A  -  1  —  Sq  Is  a  doubls  root  if  the  following  relation 

holds: 

(2.4)  bQ<*i»  ”  .  1. 

The  equation  in  (2.1)  is  satisfied  by  any  sum  01  tne 

form 

(2.5)  u(t)  =  Z  P_(t)«  , 

r 

where  It  any  sequence  of  characteristic  roots,  Pp(t) 

is  a  polynomial  of  degree  less  than  the  multiplioity  of 
and  the  sum  is  either  finite  or  is  infinite  with  suitable 
conditions  to  insure  convergence.  (Hoots  of  multiplicity 
greater  than  two  are  possible  for  more  general  equations  than 
(2.1).  The  methods  presented  below  apply  to  these  more 
general  Situations  also). 

Conversely,  let  lA^  be  the  sequence  of  roots  described 
above.  Then  any  solution  of  the  equation  in  (2.1)  can  be 
represented  by  a  series 

(2.6)  u(t)  .  •  "V(t), 

n-l  " 

wherein  1*  &  suitable  polynomial  of  degree  less  than 

the  multiplioity  of  The  prime  on  the  sum  indicates  that 

a  term  involving  a  root  'A  with  posit  ve  imaginary  part  is 

Ant  " 

to  include  both  e  oonjiqtate,  which  arises 


from  the  conjugate  root. 
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lYie  ae/mptotlc  behavior  of  a  solution  of  the  equation  in 
(2.1)  is  fully  deierlbed  by  the  series  representation  in  (2.6). 
With  each  characteristic  root  of  multiplicity  m,  there 

are  associated  m  solutions,  e^^,  te^,  ...,  t®“^e^^. 
Conversely,  every  solution  can  be  represented  as  an  infinite 
linear  combination  of  these  solutions. 

The  present  paper  can  be  regarded  as  a  generalization  of 
the  content  of  this  last  paragraph  to  differential-difference 
equations  with  asyi^)totioally  constant  coefficients.  We  pro¬ 
pose  to  show  that  with  each  root  A  of  miltiplicity  n  there 
are  associated  n  solutions  of  known  asymptotic  form.  Prom 
the  above  discussion,  we  see  that  there  is  one  real  root,  or  a 
conjugate  pair  of  complex  roots,  having  a  real  part  which 
exceeds  the  real  parts  of  all  other  roots.  This  ]?oot  (or  each 
root  of  the  conjugate  pair)  will  be  called  the  principal  root. 
It  turns  out  that  the  demonstration  is  particularly  simple  for 
a  real  principal  root,  and  we  shall  accordingly  discuss  this 
situation  first,  later  extending  the  method  to  the  more 
complicated  oases. 

Of  fundamental  importance  to  us  is  the  fact  that  a 
continuous  solution  of  the  equation 

(2.7)  u'(t)  -f  aQu(t)  -»■  bQu(t  -  u.)  -  f(t) 

can  be  represented  by  means  of  an  integral  operator  in  terms 
of  the  foz^2ing  function  f(t)  and  the  values  of  u(t)  over 
any  interval  of  length  cj,  as  follows: 
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(2.8)  u(t)  -  u(tQ)k(t  -o)  -  ^  ®  u(t,)k(t  -  t,  - 

*  *  * 

Here  k(t)  Is  the  unique  function  with  these  propertleez 

(2.9)  (1)  k(t)  =  0.  -  t  <  Oi 

(11)  k(0)  -  li 

(ill)  k(t)  la  continuous  for  t  ^  0>  aind  k'(t)  Is 
continuous  for  t 

(Iv)  k'(t)  +  aQk(t)  +  bQk(t  -  co)  -  0,  t  >  0. 

This  result  Is  readily  established  by  use  of  the 
Laplace  tranafom.  Moreover,  k(t)  has  a  series  ej^ansion 

00  At 

(2.10)  k(t)  -  Z’  e  “  a  ^t), 

n-1  ^ 

whei?e  each  Qq(^)  k  polynomial  of  degree  less  than  the 
multiplicity  of  Finally,  for  any  positive  Integer  N, 

W  A_t 

(2.11)  k(t)  -  £•  e  “  qj^(t)  +  k^(t), 

n^l 


where 

(M  A -£)t 

(2.12)  =  0(e  "  )  as  t — yoo,  (£  >  0). 
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W«  lUiall  inoludt  htrt  ••veral  Itnaai  which  will  b« 
uitful  in  what  follows. 


Lowaft  1,  If  w(t)  ii  poaitivt  and  non-doortatini, 

^  0,  r(t)  ^  0,  and  all  throo  functions  aro  continuous, 
and  if 


(2.13)  u(t)  ^  w(t)  u(t^)v(t^)dt^,  a  ^  t  ^  b, 


thsn 


(2.14)  u(t)  ^  w(t)  *xp  v(t^)dt^] 


a  ^  t  i  b 


To  provs  this  ItHna,  obssrvs  that 


- 5ITT 


-dt. 


1  + 


/,t 

‘4  — 


sines  w  is  non-dsorsasing.  Lot 


.  .  /it 


Thsn 

(2.15)  u(t)  ^  w(t)(l  -»■  r(t)) 

and 


r'(t)  -  ^  v(t)(l  +  r(t)). 


It  follows  that 
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(2.16)  1  +  r(t)  ^  •xp 


CoHtinlnc  (2.15)  and  (2.l6)j  w«  gat  tha  daairad  raault. 

'nit  ranainlng  laMiaa  will  ba  uaad  to  astiaata  tha  aag- 
nltuda  of  varloua  Intagrala  which  appaar  in  our  dlsouaaions. 
Most  of  than  are  provad  by  integration  by  parts,  and  all  ara 
alamantary  in  oharactar.  Wa  have  sat  them  apart  as  IsHias, 
and  oollaotad  them  in  ona  place,  for  aasa  of  rafaranca. 

La—a  2,  Supuosa  that  0^  >  0  and  that  f(t)  and 
g(t)  ara  real  functions  for  which 

y’®  if(t)idt  <  00,  y’®*[*(t)(dt  <  00. 


-  o(l)axp 


as  t  — >  00  . 


Danota  tha  integral  in  tha  left  Banbar  of  (2.17)  by 
J(tQ,t).  Than 
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Also 


/If- 

•  i  “•  4^2 


«1* 


-i  •  0(1  )  -  0(1  )«xp 


^C\  > 


L#BPBa  3«  Suppoi#  that  >  0  and  that  f(t)  and  g(t) 
art  raal,  twica  diffarantiabla  function!  aatiafying  thatt 
oonditlona; 


(2.18)  f(t)  and  g(t)  — !►  0  aa  t  -^00, 


(2.19)  g(t)  /  0  for  t  ^  tQ, 

(2.20)  g'(t)  -  o(g(t))  «•  t->»oo, 

(2.21)  /“  |f'(t)|  dt  <  00, 

(2.22)  y’’*  f(t)^dt  <  00, 


(2.24,  y;® 


dt  <  00 


Than 


(2.25)  g(t^)oxp  ^ 

j 


dt 


(0^^  +  o(l))g(t)cxp[o^t  f(t2)dt2|,  at  t  OP  . 


I 


’0 
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ni*  oondltioM  ar«  Mtlifiad«  it,  for  oxanplt, 
f(t)  »  g(t)  -  t“®  whtro  a  >  1/2.  To  provt  ♦’L#  ltnaia»  wo 
firit  not#  that  by  (2.20), 

(2.26)  lim  ..  0. 

t->00  ^ 


If  w«  Intograte  by  parts,  wt  obtain 

(2.87)  f(t2)dtj]<it^ 


-  O^^g(t)oxp  c^t  t(t^)(Xt^ 

^0 


^  constant 


-  o^2jg'(t)  +  f(t)g(t)]6xpfcj,t  f(t2)dt2. 

I  tQ  J 

+  ^  '*■  ^  f(t2)At2ldt 

^0  i  ^0  ^ 

Slnoc  0^  >  0,  f(t)— >  0  as  t — >  oo  ,  and  g(t)  - 
g(t)txp 


®1^  f(t2)dt2 


00  as  t  - ►  QD  . 


Sinoo  g'(t)  -  o(g(t)).  It  follows  that  tht  first  thrsa  tanas 
In  tha  right  nambar  of  (2.27)  oan  ba  writtan  as 


g(t )axp 


Furthamora,  danoting  tha  last  tanu  in  (2.27)  by  J(tQ,t), 


wa  hava 
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/*  (8"  +  gf 
^0 


+  2g'f  +  gf^(dt^ 


^  g(t)exp,c^t  f(t2)clt2Uxp  0  -  log|g(t)| 

I  ^ 


^  g(t)«xp  o^t  f(t2)dt. 


0(1). 


Also,  tinot  g(t)txp|oj^t  ^’(t2)dt2  ii  lncr«ailng  for 

I 

lar*«  t,  ^ 


|j(|»t)|  ^  g(t)«xp!c^t  f(t2)dt 


V2 


[if^l  ^  If 

^  f2' 

1  g  1  1 

1  1  g  1 

> 

dt. 


^  g(t)«xpfc^t  f(t2)dt2  0(1). 


This  provts  tht  rslation  in  (2.25). 

Lsma  4.  Suppois  that  0^  >  0  and  that  f(t)  and  g(t) 
art  rtal  functions  for  whloh 

y'®  if(t)i  dt  <  00,  y ®  jg(t)|  dt  <  00 . 

Than 


P-1470 

8-28-^ 


f(t2)at2 

.  o(l)#xp|-  c^t  f(t2)dt2,  M 


t  — >  CO 


Por 


|/®g(t^).xpf-  f(t2)dt2|(lt^(  ^  /“  |g(t 

<  o(l)exp|-  c^t  f(t2)dt2|. 


Lomna  5.  Supposa  that  >  0  and  that  f(t)  and  g(t) 
arc  rtal,  twlo#  difftrtntlablt  funotioni  fatiafylng  th» 
hypothtaet  of  L#iiaa  3»  Thtn 

t. 


/®g(t^)*xp  -  ^  f(t2)(lt. 


dt, 


-  (-  +  o(l))g(t)«xp  -  o^t  f(t2)dt2 


,  as  t  — >  00  . 


To  prove  this,  we  obBez*ve  that  for  t  suffioientlj  large, 

i^t/2 

'0 


;(t)expf-  o^t  f(t2)dt2  I  $ 

t^  ; 


oe  -  o(l), 


i)i « 


by  (2.26)  and  (2.16).  Therefore,  two  Integrations  by  parts 
will  yield 
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dt. 


(2.28)  g(t^)«xp  -  ^  f(t2)dt, 

t  ^  ^0  ' 


--  C^^g(t)«xp  -  o^t 


+  -»-  f(t)g(t)]  •xp|-  c^t  f(t2)dt2j 


+  0, 


[«"  +  gf  +  2i:'f  ->•  gf^jtjcp, 

L 

*0  ■' 

dtj^. 


Slnot  g(t)«xp|-  o^t  IB  dtortaBing  for  t  ^ 

tht  last  ttrm  In  (2.28)  bounded  by 

o“2g(t)txp|-  c^t  -^y^  f(t^)dt^  /®[  1^1  +  |f 'I 

^0  J  ^  I 


dt. 


g(t)«xp 


-cit  f(t^)it 

^0 


) 


0(1). 


Thorofort  (2.26)  ylBldi  thd  stated  ooneluBlon. 

liBiata  6.  Smppobb  that  ^  is  roal  and  not  etOj  and  that 
g(t )  satlBfltB  thBBB  oondltionn 

g(t)  fnda  monotonloally  to  zto  bb  t  — »  od  , 

g(t)  /  0  for  t  ^  t^. 


g’(t)  -  o(g(t))  M  t  — ^  00, 


dt  <  , 


2 

at  <  u>  . 
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nien  as 

t  — ^  CD 

(2.89) 

(2.30) 

and 

(*.31) 

Proof.  Since  g(t}— 

grations 

by  parts  yield 

Since 


1^®  .^V(h)dtj  ^  (,(t)|^»  |i^|dt,. 

the  relation  in  (2.29)  is  olear.  Uaing  a  ain^le  integration 
by  parts  I  we  get 

/\.(t 


from  whioh  the  relation  in  (2.30)  follows.  Ttie  relation  in 
(2.31)  is  proved!  similarly. 
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LWfc  7«  SuppoM  that  g(t)  ■atiifiti  th«  following 
oondltloni. 


(2.32)  l(t)  >  0  for  t  ^  t  ,  g(t)  -  0(1)  M  t— ^00, 


(2.33) 


(t)  .  o(g(t)^/*),  f"(t)  .  o(g(t)*)  a»  t-roo. 


(2.34)  -  00, 


Olvtn  any  r»al  nuMbtr  n,  it  thtn  follow!  that 

(2.36)  8(t^)".xpj/’*'^  g(t2)^/®dt2]dtj 

t©  r  j 

.  (1  +  o(l))g(t)“-V2,^(/-t  g(t^)l/2jti) 


00  . 


af  t  — ►  00 


Lonna  8.  If  f(t)  oatiafieo  tha  hypotheaaa  in  La— a  7* 

t. 


(2.37)  g(t^)"axi)  -y’  ^  g(t2)^/^dt- 

t  ; 


dt. 


-  (1  +  o(l))g(t)'^V2,x(,f_y7t  g(t^)l/2<,t^ 


U  t 


Tha  proof  of  Lamaa  7  is  similar  to  that  of  Lama  3. 
if  tar  two  intagxotions  by  parts,  wa  hava 
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(8.38)  ^  *(t2)^/®(lt2j(ltj^ 

-  «(t)‘^V2-  (n-^)i'(t)g(t)"-®J,*p|/*  g(t^)^/*<ltjj 

+  conitant  +  (n  -  •j)J(tQ,t), 

vrher« 

J(to,t)  [(n-  2)f(4)2B(t^)'^3  ^ 

*0 

•  *x»]/  ^  g(t2)^/®(lt2  dt^. 

Slno*  g'(t)  -  d(g(t)3'''^),  th*  (zpratalon 

k 

-  0  •xpl/’*  (n--|)  g(ti)^/*atl 

approach*!  00  aa  t  — ^  00 ,  and  it  tharofor*  of  hlghar 

ordar  than  tha  constant  in  tha  right  nanbar  of  (2.36). 
Piirtharmora, 

g'(t)g(t)“-2  -  o(g(t)"-V2). 

Tharafora,  in  ordar  to  conplata  tha  proof  wa  aaad  onl/  show 
that 

(2.39)  J(Vt)  .  o(l)B(t)'»-V2,;ip(/’t  g(t^)V2gt^',  . 
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¥•  Oftn  luppoB*  is  BO  large  that 
g(  t  ‘ «( tj 

is  an  inoreasixif  funotlon  of  t,  ainoe  ohanglzvg  t^  affects 
only  the  constant  In  the  right  member  of  (2.3d)*  Since 

/*  |«'(ti)*8{ti)-5/®  +  g”(ti)g(tjr3/®|<14  <  00. 

*0 


by  the  hypothesis  in  (2.33)#  we  therefore  have 


Ji(t) 


where 


fiy  the  hypothesis  in  (2.33)#  given  any  6  >  0,  there  exists 
a  t^  >  0  such  that 


Integrating  this  relation,  we  find  that 


and  tharafort  that 
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11»  g(tj)V2dt  .  a>. 

t  -*-00  t/2  ^  ^ 


It  follovt  that  J^Ct)  «  o(l)i  and  thua  that  j(tQ,t/2)  la 
of  tha  ordar  indloatad  In  tha  right  nambar  of  (2.39)* 
TurtharMora, 


0(1). 


Thla  inaquality  aatabliahaa  tha  ralation  in  (2.39 )»  and  oo»- 
plataa  the  proof  of  Laama  7. 

Tha  proof  of  Laaaui  8  la  almllar,  and  la  onlttad. 


3.  Principal  floot  Raal  and  Siigla 

Wa  shall  bagin  our  disousaion  of  tha  linear  aqu«;wion 

(3.1)  u'(t)  +  (a^  +  a(t))u(t)  +  (b^  +  b(t))u(t  -  u)  -  0, 


in  which 

(3.2)  a(t)  — r  0  and  b(t )  -^  0  aa  t  oo , 

by  finding  tha  aayciptotio  fom  of  a  solution  oorrasponding  to 
tha  principal  oharaotaristio  root  which  wa  shall  aaauBM 

to  be  real  and  aiapla.  The  caae  in  which  tha  principal  root 
is  iBultiple,  and  that  in  which  there  are  coBg>lax  principal 
roots,  will  be  taken  up  in  subaaquant  saotions.  Since  A  is 
a  simple  root,  it  satisfies  the  relations 
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(3.3) 

■X  w 

^  +  *0  "o* 

(3.4) 

1  —  0, 

Iht  flrit  sttp  In  •itabllihins  th«  •xiat«no«  of  a  aolution 
aisooiatod  with  th«  root  A  la,  aa  in  the  oaaa  of  ordinary 
differential  equationa,  the  converalon  of  the  differential- 
difference  equation  Into  an  Integral  equation.  If  we  write 
the  equation  In  (3.1)  In  the  fom 

(3.5)  u'(t)  +  aQu(t)  bQu(t  -  -  -  a(t)u(t)  -  b(t)u(t  - 

we  aee  from  the  equation  In  (2.6)  that  every  solution  also 
aatlaflea  the  Integral  equation 

(3.6)  u(t)  -  u(tQ)k(t  -  a>)  -  °  u(t^)k(t  -  -  aj)dt^ 

[a(t^)u(t^)  b(t^)u(t^  -  CO)]  k(t  -  t^)dt^, 

t  >  tQ, 


where  t^  la  arbitrary.  Here  k(t)  la  the  aum  of  the 
realduea  of  e^*h~^(8)  at  the  zeros  of  h(s).  Since  the 
residue  at  a  -  A  Is 


(3.7) 


1  - 


-  Cj^e 


we  can  write 


(3.8) 
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k(t)  -  +  kj^(t ), 

where  k^(t)  is  the  ivun  of  the  retiduee  arising  from  zeros 
of  h(e)  with  real  pa2*te  lees  than  K  Henoe 

(3.9)  llc^(t)l  ^  c**^,  t  ^  0,  ic  <  \ 

where  c  Is  a  positive  constant^ .  BQr  taking  u(t]  •  0  over 
the  initial  lntez*val  ~  ^  ^  ^  ^  ^0*  find  that  there  Is 
one  solution  satisfying  the  equation 

(3.10)  u(t)  =  [a(t^)u(t^)  b(t^)u(tj^  ~  ‘o)]k(t  -  tj^)dt^ 

t  >  t^j. 

Moreover,  since  any  constant  times  e^^  is  a  solution  of  the 
homogeneous  equation 


(3.11)  u'(t)  +  aQu(t)  +  bQu(t  -  a>)  -  0, 


there  are  solutions  of  the  equation  in  (3*1)  satisfying  the 
equation 

(3.12)  u(t)  -  ce^^  +  b(t^)u(t^  -t^)J  k(t  -  t 

t  >  tQ, 


Throughout  this  paper,  the  letter  c  will  denote  a 
quantity,  not  necessarily  the  same  in  any  two  appearanoes, 
which  is  independent  of  t.  Such  a  symbol  has  been  called  a 
genertc  symbol  for  a  constant.  On  the  other  hand,  the  letters 
CifCp,...,  carrying  numerical  subsoripts,  denote  speoifie 
constants,  whose  values  remain  unchanged  throughout  any  one 
section  of  this  paper. 
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for  arbitrary  0  and  t^. 

At  this  point  wt  ahaXl  makt  the  •iiq)lifylng  aisuaptlon 
that  b(t)  ■  0.  Thia  aaaunptlon,  which  will  be  dropped  in  ^4, 
enable!  us  to  present  many  of  the  principal  features  of  our 
method,  while  sToiding  certain  difficulties  which  require  a 
somewhat  s»re  complicated  analysis.  The  integral  equation 
now  takes  the  form 

(3.13)  u(t)  - 

*0 

‘0 

It  is  particularly  important  to  keep  these  integrals 
separate— the  one  containing  the  contribution  of  the  principal 
root  and  the  other  the  contribution  of  all  other  roots— -as 
they  will  be  found  to  have  different  orders  of  magnitude.  If 
we  make  the  assumption  that 

(3.14)  y’®®  |»(t)|  dt  <  00, 

we  can  use  (3 >13}  directly  to  show  that  u(t)  must  be 
asymptotic  to  a  constant  tisMS  e^^.  However,  (3 >14)  is  a 
more  severe  restriction  than  we  wish  to  Impose,  and  we  there* 
fore  have  to  replace  (3 >13)  by  a  more  suitable  equation.  If 

we  let 

(5  ^5)  p(b)  ■  ^  a(  t^  )u(  tj^  )k^(  t  —  tj^)dt^, 

*^0 
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and  dlfferentlat#  the  •q\iation  in  (3.13 )«  we  obtain 

(3.16)  u'(t)  -  /i^(t)  -  p(t)]  -  c^a(t)u(t)  4  p  (t). 

Lettins 

(3.17)  w(t)  -  u(t)  -  p(t), 
thla  can  be  put  In  the  fora 

(3.18)  w'(t)  -  ^M^t)  -  o^a(t)w(t)  -  c^a(t)p(t). 

The  fora  of  thla  equation  auggeats  that  we  adopt  a  technique 
useful  In  dlacuaalng  the  aa/eptotle  behavior  of  aolutlona  of 
the  differential  equation 

(3.19)  w'(t)  -  [A-  o^a(t)]w(t)  +  r(t), 

in  which  a(t)  approachea  zero  aa  t  — ^oo.  One  of  the  B»Bt 
powerful  auoh  technique  a  la  the  uae  of  a  Llouvllle  trauaa- 
formation  of  the  Independent  yariable,  a  »  a(t),  where 

(3.20)  e(t)  A<tj)dt^, 

^0 

(3.21)  ;\(t)  .  A-  o^a(t). 


Thla  converta  (3.18)  li.to  the  fora 


(3.22) 


dw 

Ha 


w(a) 


o^a(t)p(t) 


provided  that  ^t)  /  0  for  t  ^  t^.  Kvery  aolutlon  of  the 
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•quation  In  (3.22)  aatisflaa 


(3.23)  w(.)  J  ■>*l» 

A 


whara  and  ara  ralatad  by  (3.20).  If  wa  now  raturn 

to  tha  orifinal  variablaa,  wa  obtain 


(3 


.24)  u(t)  -  oa*^^^  4  p(t)  -  ^  ^^a(t3^)p(t^)dt^, 


^  1  ^0* 


nia  aaauwption  ?{t)  /  0  for  t  ^  la  actually  unnaoaaaary, 
alnoa  tha  aquation  in  (3*24)  can  ba  obtainad  dlraotly  from  tha 
aquation  In  (3*16)  by  uaa  of  an  Intagratlng  factor,  obviating 
tha  naad  to  dlvlda  by  A(t). 

Taiclng  c  -  1,  wa  hava  a  aolutlon  of  tha  aquation  In 
(3.1)  which  aatlaflaa  th^  Integral  aquation 

(3.25)  u(t)  -  +  p(t)  -  e  a(t^)p(t^)(lt^, 

‘o 

t  >  tQ. 

Wa  shall  now  show  that  the  asymptotic  behavior  of  u(t) 
can  ba  deduced  from  (3.25),  provided  a(t)  satisfies 
conditions  which  enable  us  to  apply  Lemma  2  or  Lemma  3.  We 
first  establish  that  u(t)a””*^^^  Is  bounded  as  t  oo  . 

From  (3.15)  an<3  (3.9)  we  have 

~kt 

lp(t)|  ^  l8(t^)|  lu(t^)|e 

‘0 
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and  If  wt  l«t 

“»(t|  ) 

(3.26)  m(t)  -  max  lu(t,)a  ^  |, 


wt  get 


|P(t)l  ^  co(t)t^^y^^  l»(t^)|t 


If  la(t^)l  dt^  <  OD  ,  Ltffloa  2  at  onot  yleldo 

(3.28)  |p(t)|  -  B(t).^*o(l)  .  i.(t)»*(*)o(l). 


On  the  other  hand,  If  the  hypctheata  of  Lenna  3  &!*•  aatlafled 
when  f(t)  o  —  c^a(t),  g(t)  -  |a(t)|  ,  then 

(3.29)  (p(t)l  ^  cm(t)e“^^^  |a(t  )|  . 

Prom  (3*t8),  we  have 

*0  ‘0 


and  from  (3.29)  wt  have 


P-1470 

8-28-56 

-27- 

‘o  ’^O 

In  tlthtr  case,  than, 

(3.30)  ^  ^  OgDiCt), 

*^0 

whart  tha  constant  small  as  dasirad  IT  wa  ohoosa 

tQ  larga  anough.  Using  thasa  rasults  In  (3>25)p  wa  obtain 

|u(t)a“^^^^|  ^  1  +  ti(t)o(l)  +  o^(t). 

niarafora,  by  choosing  sufficiantly  larga,  wa  can  c9duo© 

(3.31)  lu(t)|  $  t  I  tQ. 

By  usa  of  this  inaquality  in  (3*25 ),  wa  can  show  that 
u(t)t”^^^^  approaches  a  constant  as  t  oo  ,  First  of  all, 
from  (3.28)  and  (3*29)  wa  gat,  raspactlvaly , 

(3.32)  lp(t)|  $  oe*<‘)o(l) 

and 

(3.33)  |p(t)|  $  oe’<‘)|a(t)|  . 

In  aithar  casa, 

^  — s( t,  ) 

^0 


is  absolutaly  convargant.  Tharafora,  wa  can  writa  (3*25)  in 


thf  form 
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(3.34)  u(t)  -  +  p(t)  +  ^  ^^•(tj^)p(t^)<ltj^, 

^  1  ^0* 

where 

^  — eCt,  ) 

^  “  ®1</  ®  a(t^)p(t^)dtj^. 

*0 

If  tQ  !•  eufflclently  large,  /  0.  It  ie  clear  from 
(3. s'*)  that 

(3.35)  u(t)  .  +  o(l))  as  t  — ►  oo  . 

In  eujwnary,  we  have  proved  the  following  theorem. 

Theorem  I,  Suppoae  that  the  principal  charaoteriatlc 
root  of  h(8)  =  e  +  Eg  +  liei  at  b  «  A  and  i«  real 

and  Blmple.  Let  a(t)  aatiafy  one  of  the  following  two  Bets 
of  hypothOBee; 

I  ®  i 

II  aCt)-*-  0  as  t  — >00, 

a(t)  /  0  for  t  ^  tQ, 

a'(t)-io(a(t))  M  t— >00, 

y’®a*(t)dt  <  oo,y^*®|a’(t)|at  <  oo.y^*  <  oo  . 
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Tt\9n  thf  •Quation 

(3.36)  u'(t)  +  (Iq  +  a(t))u(t)  +  bQu(t  -  (o)  -  0 


hai  a  aolution  u(t)  of  tha  form 

(3.37)  u(t)  .  oe*^‘^(l  +  0(1)) 


-  (1  +  o{l))«xp 


At  —  c 


whtrt  la  th#  raaldut  of  e*'®h  ^(a)  ^  b  • 

(3-3®)  •  (1  -  bQ<wa 

4.  Prinoipal  Root  Raal  and  Siiqpla  (continued) 

The  key  atapa  In  the  abova  method  ware  the  .^px*aaantatlon 
of  aolutlona  by  maana  of  lntas2*ai  operators,  aa  In  (3>13)# 
differentiation  of  thla  relation  to  yield  an  Integro-dlffaren- 
tlal  aquation,  and  the  uaeof  a  Llouvilla  tranaformatlon  to 
yield  an  Improved  Integral  operator  repreaentatlon,  aa  In 
(3>25).  We  wish  to  ahow  now  that  eaaentlally  the  aame  pro¬ 
cedure  can  be  uaed  to  dlacusa  the  equation 


(4.1)  u'(t)  (Sq  a(t))u(t)  (bQ  b(t))u(t  -  v,)  «  0, 


where  we  no  longer  aaaume  that  b(t)  -  0.  Aa  before,  we 
aaaxime  that  the  principal  root  la  real  and  simple  and  Ilea  at 
s  -  A.  Instead  of  (3*^3 )»  we  now  have 
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(4.2) 


b(t^)u(t^  -  dt^  p(t),  t  > 


whtx*« 

(0.3)  P(t)"-y^*  [«(tl)u(tl)  +  b(t^)u(tj^  -  u>)]k^(t  -  tj^ 

*0 

This  tliM,  whtn  wt  diff^rvntlat*  (4.2),  we  obtain  an  intagro- 
dlf fax*enoe-(llff«rentlal  aquation 

(4.4)  u'(t)  -  A[u(t)  -  p(t)]  -  o^[a(t)u(t) 

+  b(t)a(t  -  ^)j  +  p'(t),  t  >  tQ, 

rathar  than  an  intagro-diffarantial  aquation.  Tha  proper 
analogue  of  tha  aubstitution  in  (3*20)  ia  not  inaadlataly 
obvlouB.  Thia  additional  oomplioation  can  be  handled  in  tha 
following  way.  It  ia  not  unraaaonabla  to  auppoaa  that  tha 
aolutiona  of  (4.1)  will  have  aayuptotic  behavior  of  tha  aama 
general  kind  aa  aolutiona  of  (3.41),  and  in  particular  that 
u(t)  —  u(t  -  0^9^^  will  be  of  lower  order  of  magnitude  than 
u(t)  itaalf.  We  therefore  introduce  tha  function 

(4.5)  v(t)  -  u(t)  -  u(t  - 


)dt 


and  write  the  equation  in  (4.4)  In  tha  form 
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(4.6)  u'(t)  -  A{u(t)  -  p(t)]  -  Cj^[a(t)  +  0  ‘^(t)]u(t) 

Y(t)  +  P'(t),  t  >  t^. 

Ve  Ag^n  Itt 

(4.7)  if(t)  -  u(t)  -  p(t), 

■o  that 

(4.8)  w'(t)  ■  ^(t)  —  Oj^Ja(t)  +  0”^^(t)J  w(t) 

+  c^0“'^(t)v(t)  -  c^[a(t)  +  e“‘A(t)Jp(t), 

t  >  t^. 

Wt  now  make  th#  Liouville  transformation  ■  -  B(t},  vhere 

(‘t.9)  •(t) 

*^0 


and 

(4.10)  Mt)  -  A  -  Oi[a(t )  +  0~"^b(t)j  . 


Wt  obtain 
('*•11)  Hi 


o,«  ‘^(t)v(t) 

vr  4  — t - 

A(t) 


a(  t )  e  t ) 

/(t) 


?(t), 


provided  that  ;^t)  /  0  for  t  ^  t^.  Just  as  In  ^3,  this 
leads  us  to  the  equation 
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(4.12)  u(t)  »  p(t)  -»•  e  ^ 

^0 

-*•  •■'‘^(tj^)]p(t^)dt^ 

+  t  ^  ^^b(t^)v(t^)(ltj^,  t  >  tQ. 

Th«  asBU]q>tion  ^(t)  /  0  for  t  ^  t^  is  aotxially  unnooossary, 
■inoe  tht  squation  in  (4.12)  can  b«  obtairxod  directly  from  the 
equation  in  (4.8)  by  use  of  an  integrating  factor  without 
dividing  by  A(t ) . 

Before  we  can  estimate  the  magnitude  of  u(t)^  we  must 
obtain  a  similar  representation  of  v(t),  for  it  is  necessary 
to  show  that  v(t)  is  of  lower  order  than  u(t).  From  (4.12), 
we  readily  deduce 

(4.13)  v(t)  -  p(t)  -  p(t  -  to)e‘^^  +  q(t) 

-  Oiq(t)y^^e  ^  •'’'^(ti)]p(t^)dt^ 

-  ^  +  e“'‘^(tj^)]p(t^)dt^ 

^0 

^  e  ^  ^^b(t^)v(t^)dt^,  t  >  t^  + 


where 
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(4.14)  q(t)  - 

-  * 

W9  now  lapoM  oondltlono  on  •(t)  and  b(t)  of  tho  typo 
uood  In  tho  prooodins  oootlon.  If 

^  l«(t)ldt  <  00,  |h(t)(dt  <  00, 

tho  proof  In  ^3  kooo  through  without  ony  ehango.  Vo  thoroforo 
ooneontroto  on  tho  oooo  In  whloh  oft)  ond  b(t)  ootlofy 
tho  following  eondltlono: 


II  o(t),  b(t)— ^  0  00  t~>oo; 

o(t)  /  0,  b(t)  /  0,  for  t  ^  t^; 

a'(t)  -  o(o(t)),  b'(t)  -  o(b(t))  aa  t-^oo; 

a*(t)dt  <  00,  y’*  |o'(t)|dt  <  00,  y^«»|lj^|dt  <  001 

b*(t)dt  <00,  ^®®(b'(t)/dt  <00,  <  ®i 

y’®®  |a(t)b(t)|dt  <  00 1  and 

(4.15,  u.^Sl|^.i,  i^M*^.i.  os .4^1. 


It  followa  fron  (4.15)  that 

(*.i6)  y»‘  •(tj)dtj .  o(«{t)).  /*  .  o(k(t)),  t-. 


00  . 
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It  will  bt  vtry  oonv«ni«nt  in  what  follows,  whsnsvtr  ws 
az**  using  ths  hypothssss  II,  to  1st  ths  s/Mbol  £(t)  dsnots  a 
function,  not  nsosssarily  ths  saios  in  axzy  two  appsarancss, 
which  is  0((a(t  +  cj)|  lb(t  lo) \)  as  t  — ^ oo  .  Uhsnswsi 
ws  ars  using  ths  hypothssss  I,  £(t}  dsnotss  a  function  which 
is  simply  o(l).  Thus  ws  havs,  undsr  sithsr  Siiic  of  hypothssss, 

(4.17)  .  £(t),  b(t^)dt^  -  £(t), 
and 

(4.18)  a(t)  «  £(t),  a(t  ^  c4  -  -^(t),  b(t)-e(t), 

b(t  u>)  -  £^t). 

Nots  that  under  ths  hypothssss  II,  ths  produci;  of  two  such 
functions  is  absolutsly  intsgrabls  over  ths  infinits  intsrval. 
In  his  notation,  ws  hays 

(4.19)  A(t)  -  A  +  ^t) 
and  thsrsfors,  from  (4.l4), 

(4.20)  ;(t)  ..  •*<‘>e(t). 

From  the  definition  of  p(t)  and  ths  bound  in  (3*9 )«  we  get 
|p(t)|  ^  cs^^  '*■ 

— kt, 

+  |b(t^  -^  ^)  I )  |u(t^)lc  ^dt^. 
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Wt  now  let 

(4.21)  f(t)  -  a(t)  +  •"‘A(t) 
and 

"■(t,  ) 

(4.22)  m(t)  -  max  |u(t,)t  (  . 

Then 

/ 

)exp, (A  -  k)t^ 

-  <=1/*'  jdti 

wharw  6^(t)  !■  a  multiple  of  |a(t^  +  a:)|  |t(t^  -»■  (^)  1 . 

under  the  hTpotheaea  II,  a(t)  and  b(t)  are  of  constant 
sign  for  t  2  Henoe  the  funotlon  ^(t)  is  differentiable 
for  ^  ^  ~  satisfies  the  hypotheses  of  LeDsna  3.  It 

therefore  follows  from  Lemma  2  or  Lemma  3  that 

(4.24)  p(t)  -  t  i  tQ. 

From  this  last  result,  we  also  have 

(4.25)  y’*  ^  t  ^  tg, 

^0  *'0 

where  ^^(t)  is  integrable.  Furthermore,  by  (4.17), 
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(4.30)  S  fs(t)  *  .■•‘‘^^b(t,)||r(t,)|dH 

0 

+  /*  .”*^‘^^b{t,)(  |Y(t^)|atj.  t  i  tQ  +  ^ 
wh*r«  ^  (t)  <ltnot«5  a  particular  function  of  tha  typ#  &(t). 


Lotting 


(4.31)  n(t)  -  ^ 


-•(tl) 

v(tj^)« 


w«  than  obtain 

(4.32)  |T(t).-*<'^^|  i  €2(‘)  +  £2(ti)|b(ti)lati 


+  n(t)e„(t)fe(t). 


from  which 


.  n(t)e(t),  t2to^^ 

If  tQ  la  aufficlantly  larga,  it  follow!  that  n(t)  ^  o  for 
t  2  tQ,  and  tharafora 

(4.34)  |v(t)|  ^  ca*^^^£2^t),  t  ^  t^. 


prom  (4.28)  follow! 
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(4.35)  |u(t)l  ^ 

Nov  that  tha  bounds  in  (4.34)  and  (4.33)  ha vs  bstn 
sstabllshsd,  ths  procedure  in  ^3  osn  be  used  without  essential 
chance  to  show  that 

(4.36)  u(t)  -  c^e*^^^(l  0(1))  as  t  -^00. 

Ve  have  therefore  proved  the  followinc  theorea. 

ttieorea  2.  Suppose  that  the  principal  root  of 
h(s)  -  s  +  Iq  >  b^e”^*  lies  at  s  ->  A  and  is  real  and  simple. 
JLet 

(4.37)  Oj^  -  lA'(A)  -  (1  - 

(4.10)  ?»(t)  -  ^  -  Oj^[a(t)  +  e'"“\(t)]  , 

(4.9)  •(t)  Xt^)«tj. 

Suppose  that  ?,(t)  and  b(t)  satisfy  one  of  the  following 
two  sets  of  hypotheses; 

I  y’”  la(t)l(lt  <  00,  Z'®  |b(t)|<lt  <  00. 

II  a(t),  b(t) — ^0  M  t  —>  00 , 

a(t)  /  0,  b(t)  /  0,  for  t  ^  t^, 

a'(t)  »  o(a(t)),  b'(t)  -  o(b(t))  laa  t — »-ao, 
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a*(t)dt  <  00, y’*  |a-(t)(<lt  <  *•  ** 

/“  b2(t)<i;<oo./<»(b.(t)ldt<oo,/‘»  |^|dt<oo 
la(t)b(t)ldt  <  00, 

i'"  0  s 

t  -»oo  '  '  t->oo  '  ' 

Than  the  tguation 

(4  1)  u'(t)  (eq  +  a(t))u(t)  +  ^  b(t))u(t  -  o)  -  0 

haa  a  eolutlon  u(t)  of  the  fore> 

(4.33)  u(t)  -  e*^^^(l  +  o(l))  M  t~->>oo. 

5.  Myaptotlo  Bxpanelona 

In  the  two  preoedlnc  aeotiona,  we  have  atudled  the 
aa.ynq>totlo  behavior  of  a  aolutlon  of  the  differential-difference 
equation  with  "aa/^ptotioally  oonatant"  ooefflolenta, 

(5.1)  u'(t)  +  (a^  h  a(t))u(t)  +  (b^  b(t))u(t  -  co)  -  0, 

(5.2)  a(t) — ^  0,  b(t)-'^0,  as  t  oo  . 

In  this  aeotion,  we  ahall  auppoae  that  a(t)  and  b(t)  have 
aayaptotlo  power  aerlea  expaiisiona,  and  shall  show  that  the 
aolutlon  of  (5.1)  aaaoolated  with  the  principal  eharaoteriatle 
root  haa  a  oorreaponding  aa/nptotic  expansion.  The  theorem  to 
be  proved  follows. 
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Thtortm  3»  Suppoit  that  the  principal  root  of 
h(i)  -  •  Eq  +  5^#“^  llts  at  B  r,  ^  and  !■  rtal  and 
BlBplt,  SmppoBe  that  a(t)  and  b(t)  have  aayaiptotlo 
power  BtrleB  eapanBlona 

00  00 

(5.3)  a(t)  ~  I  a„t"^,  b(t)  ^  as  t— i>-oo, 

n-1  ”  n-1  " 


and  that  a'(t),  b'(t),  a"(t),  and  b"(t)  exlat  and  have 
aiyaytotlo  power  eeriti  txpanalona,  "nifn  there  exlata  a 
Bolution  u(t)  of  the  equation  In  (5.1)  with  an  aay^,  ^otio 
exp  nBlon  of  the  fona 

(5.4)  u(t)  e*^^^  I  u  ae  t —>•  oo  , 

n-0  " 

where  eaoh  ia  a  oonatant,  /  0,  and  B(t)  ie  de¬ 

fined  ai  in  ^4.  Cjnaequently, 

(5.5)  u(t )  ^  e^'t  Z  u't“"  ae  t oo  , 

n-0  " 


where  eaoh 

(5.6)  r 


%  a  conitant. 


^1* 


1  — 


— C.A 


/  0,  and  where 


Proof.  By  hypotheaiB,  a'(t),  b'(t),  a"(t),  and  b”(t) 
have  aflionptotic  power  series  expansions,  which  must  by  (5.3) 


have  the  form 
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b,  2b5 

*  b  '  (  t  )  - - m  —  — -i» 

t-’ 


a,  2a« 

(5.7)  a'(t)--__± - . 

t 

2a,  6a«  2b,  6b « 

a "  ( t )  ^  +  ■  jt  -►  •••#  b"(t)~'  ■  if  +  '■  tr  +  *  • 

t 


It  li  olaar  that  a(t)  and  b(t)  satiif/  tha  hypothataa  of 
Thaoram  2.  Hanoa 

(5.8)  u(t)  -  -f  0(1))  as  t 


whara 


(5.9)  •(t)  -/* 

t 


(5.10)  A(t)  -  A  -  o^[a(t)  +  .-“'b(t)] 


If  wa  wx*ita 


(5.11)  a(t) 


+  a^Ct),  b(t)  - +  b2(t). 


wa  hava 


(t)  .  A(t  -  tg)  -  +  a2(t^)  +  #~‘^b2(t^) 


«!• 


Hanca 

(5.12) 


00 

s(t)  -  At  —  r  log  t  L  ®'t  , 

n-0  ^ 


and 
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(5.13)  e^V® 

n-G 

whtr«  th«  ■  art  conttants  and  /  0.  It  is  thertfore 
n  u 

cltar  that  (5*^)  (3 <3)  &rt  tqulvaltnt  rtaulta. 

W«  shall  uat  an  induotive  method  to  establish  the 
asymptotic  expansion  in  (5*^)*  First  of  all,  we  shall  show 
that 

(5.14)  u(t)  »  ©(t”^)]  as  t — 00  . 

From  (4.24)  and  (4.34),  we  have 

(5.15)  (p(t)|  ^ 

(5.16)  |v(t)|  5 

Therefore, 

/«>  [a(ti)  +  .-'A(t^)]p(tj)dt^ 

*0 

and 

Wt,)v(t,)at^ 

are  absolutely  convergent,  and  the  integral  equation  in  (4,12) 


takes  the  form 
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(5.17)  u(t)  .  +  p{t)  +  ^(t^) 

+  •'^A(t^)jp(t^)<lt^ 

t 

wher* 

/irtrt  “•(^1 )  r 

(5.18)  -  1  -  ^\(/^  ®  ^  a  +  •  b  pdtj^ 

^0 

/joa  ~~*i^i) 

+  •  bvdt^. 

^0 

If  la  sufflolently  larga,  /  0.  Since  the  tvo 

Integrali  In  (5*17)  are  epaily  aeen  to  be  0(1”^),  by 
(5.15)  and  (5.16),  It  la  clear  that 

m 

(5.19)  u(t)  .  Cg  +  0(t“^)  , 

.  « 

which  provea  (5.14). 

We  propoae  to  uae  (5.14)  to  obtain  nore  preoiae  eati- 
mates  of  p  and  v  than  thoac  in  (5.13)  and  (5*16).  Uaing 
(5.11)  and  (5«14),  we  obtain 
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(5.20)  p(t)  .  -  -  t^)dt^ 

*^0 

/>  t  ®  ^  1 

^0 

^0 


Sinot 


(5.21)  lk^(t)j  ^  ee^*  (k  <  A), 


thf  last  tam  in  (3*20)  la 

(5.22)  0(#'‘‘y^*  •  ^  “  0(«*^**t~*), 

^0 


by  Laima  3*  Tc  aatlroate  tha  first  intagral  in  (^.cO),  we 
wx*ita 

(5.23)  -  tj)at^  -  J^  +  Jg, 

*0 


whara 

(5.24) 

‘o 

0  (  t  ) 

(5.25)  -^2-6^2* 


Using  (3.21),  (3*13)j  and  Lanuaa  3#  wa  gat 


(5.26) 

for  SOM 

(5.27) 

Ualng  (5. 

(5.28) 

whare 

(5.29) 

marafor* 

(5.30) 

Prom  this 
exp|s(t  — 

(5.31) 

whara 

(5.32) 
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|JJ  i  t  ^  axp 


it  +  a(|)|  .  0(a*<‘)-^(‘)) 


6  >  0.  On  the  other  hand, 
s(t-t^) 


t"  -  ■‘^1(^1 

**(^)  /^fc/0  “  [®  ( ^  }”®(  J  ^ 


12),  we  find  that 

•  (t)  -  a(t  -  t^)  -  At^  +  r  In  T^'^~  " 


‘'1 

TTT^ 


0  ^  t^  <  t. 


exp 


,  -At,  t,  *■ 

a(t  -  t^)  -  a(t)j  -  a  ^(1  -  •^)  axp  r^(t,tj). 


it  is  easy  to  see  that  If  0  ^  ^  t/2, 

t^)  -  s(t)|  Is  bounded  as  t  — >  go  .  In  fact. 


At 


t,  -1 


•  ^{1  -  Y^)  exp|s(t  -  t^)  -  B(t)]  m  1  ^ 


r2(t,t^)| 


^  1“' 


°  ^  ^  I* 


Therefore 
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(5 


.33)  Jg  Vt,)."Nt^ 


-t-kt. 


Slno«  lic^(tj^)l  ^  o« 


(5.3“)  Jg  -  ^  *). 


Thf)  •quAtions  in  (5.26)  ctnd  (5.34)  provide  an  estimate  of  the 
first  Integral  in  (5.20),  and  the  second  oan  be  treated  In 
the  same  way.  Ve  therefore  have 


(5.35) 


p(t)  -  e 


•(t) 


Pi 

T" 


■f  o(t  ®) 


jrhere  is  a  constant.  It  is  clear  from  (4.l4)  and  (5.12) 

that  q(t)  has  an  asyBg>totic  expansion  of  the  form 

(5.36)  q(t)  z  Cl  t-“. 

n-1^ 


where  the  q^  are  constants.  The  relations  (5.II),  (5.I6), 
(5.35),  and  (5  .36j  can  now  bet  used  In  (4.13)  to  yield  an 
improved  estimate  for  v(t).  In  fact. 
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^0 

“  c^q(t)  -  ^  bjpdtj^ 

-  0(t-2)]. 

Alto 

.•(t)  />t  .-•<‘l>r  ^ 

tj^CO 

-  0(.“(‘)/'  -  0(.*<‘>t-2). 


Tha  other  Integrals  In  (4.13)  are  handled  alailarlj,  enabling 
us  to  deduce  fren  (5*33}  and  (3>36)  that 

V. 


(5.37)  v(t)  - 


+  0(t“^) 


•]. 


where  Is  a  constant. 

From  the  above  discussion.  It  Is  seen  that  a  knowledge 
of  the  relation  (5.13)  enables  us  to  lap rove  the  bounds  (5*15) 
and  (3.16)  on  p  and  v  so  as  to  jleld  the  estlnates  (3*33) 
and  (5.37).  On  the  other  hand,  (5.35)  and  (5.37)  oan  now  be 
Inserted  Into  (5.17)  to  lBq}reve  the  estlnate  of  u.  For 
exanple. 
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00 


>(ti  ) 


t 


00 


^  >  0(t73) 
*1 


dt. 


0(^2). 


Cloarly  w«  now  g9t 

(5.38)  u(t)  .  e*<*^  Uq  +  ^  +  0(t"2) 


as  t  — *  00  . 


It  shovild  now  bo  evident  that  this  process  can  be  continued 
Indefinitely.  Each  estimate  of  u  enables  us  to  obtain  Im¬ 
proved  estimates  of  p  and  v^,  and  theae  enable  us  to 
obtain  an  Improved  estimate  of  u.  Consequently  u(t)  has  a 
full  asymptotic  expansion  of  the  form  (5.4),  or,  equivalently, 
of  the  form  (5.5). 

Once  we  have  established  the  existence  of  an  asymptotic 
relation  of  the  form  In  (5.5),  the  values  of  the  coefficients 
u^  and  of  the  constant  r  can  most  easily  be  found  for  any 
particular  equation  (3.1)  by  substituting  In  (3.1)  snd 
equating  coefficients  of  like  powers  of  t. 

6.  Other  Real,  Simple  Roots 

We  now  wish  to  show  that,  associated  with  any  real, 
simple  characteristic  root  A  of 

(6.1)  u'(t)  +  (Sq  +  a(t))u(t)  +  (bp  +  b(t))u(t  -  a>)  -  0, 


It  Is  necessary  to  carry  out  the  expansions  In  (3.2b) 
and  (3.31)  to  a  greater  number  of  terms  in  order  to  do  this. 
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not  necessarily  the  principal  root,  there  is  a  solution  u(t) 
having  the  asymptotic  form  given  by  Theorem  2  or  Theorem  3. 

As  is  true  in  the  theory  of  ordinary  differential  equations, 
it  is  necessary  in  this  situation  soBMhow  to  suppress  the 
influence  of  the  roots  having  real  parts  greater  than  A, 
which  otherwise  would  dominate.  We  again  start  from  the 
integral  equation 

t 

u(t)  .  u(tQ)lc(t  -  <^)  -  °  u(t^)k(t  - 

*^0 

‘  >  to- 

The  solution  which  is  tero  for  t^  —  ^  i  ^0  ^*'**^^®*^ 

satisfies 


«(t)  -  fs(t^)u(t^)  +  b(t^)u(t^  -  uj)]k(t  -  t^)dt^, 

^0 

t  >  t^, 

amd  the  solution  which  is  equal  to  ce^^  for  ^  t^ 

satisfies 


(6.2) 


+  b(t^)u(t^  -  <o)]k(t  - 


This  time  we  write 
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(6.3)  ic(t)  -  +  kj^(t)  +  kgCt), 

wh«r«  k2(t)  oontalnA  th«  flnitt  nuabtr  of  residuot  of 

at  zaroB  of  h(B)  with  rwal  paz*tB  grBatar  than 
A  Wt  havB 

(6.4)  |»ti(t)|  ^  t  ^  0,  k  <  A, 

(6.5)  |lc2(t)|  i  0/*.  t  ^  0,  /  >  A. 

ThBrBfort 

(6.6)  u(t)  -  c/*  -  U(t^)u(t^) 

^0 

+  b(t^)u(t^  -  (O)]  t  -^dtj 
^(tj^)u(t^)  b(t^)u(t^  -  -  t^)dt^ 

^'0 

ja(tj^)u(t^)  +  b(tj^)u(t^  - 

^0 

Baoh  ttra  in  k2(t)  It  a  aolution  of  tha  aquation 

(6.7)  u'(t)  >  aQu(t)  +  b^uCt  -  6j)  -  0. 

Hanea 

(6.8)  y’”  k(tj^)u(tj)  +  t(t^)u(t^  -  o)]lc2(t  -  tj^)dtj^ 

*0 
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wlll  also  ba  a  solution  of  tho  aquation  In  (6.7)#  proYldad 
tha  Intagral  oonTargas.  Assuaing  this  to  ba  trua,  addition 
of  this  intagral  to  tha  right  aaBbar  of  (6.6)  produoas  a  naw 
intagral  aquation 

(6.9)  u(t)  -  [»(ti)u(tj) 

^0 

1  -^1 

b(t^)u(t^  -  cj)]a  ^dtj^  P(t), 

^  2.  ^0' 


whara  is  arbitrary  and 

(6.10)  p(t)  -  -y*  ^(tj^)tt(tj^)  +  b(tj)u(tj  -  <o)]kj^(t  - 

*0 


+y*  ^(tl)«(tl)  +  l>(t^)u(tj  -  o)]kj(t  -  )<**!• 

t 


The  solution  of  (6.9)  satisflas 

u(t)  -  [•(tj^Mt^) 

^0 

b(tj^)u(t^  -  <^)]k2(t  -  t^)dtj^, 

tQ  —  ^  ^  t  ^  tQ. 


If  wa  diffarantiata  tha  aquation  in  (6.9 }»  «•  obtain 

u'(t)  -  A[u(t)  -  p(t)]  -  o^[a(t)u(t)  -►  b(t)u(t  -  co)j 


+  P'(t). 
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L«ttlng 

(6.1J )  w(t)  -  u(t)  -  p(t), 

(6.12)  v(t)  -  u(t)  -  u(t  —  60)#^, 

w«  g«t 

w'(t)  -  /y(t)w(t)  Oj^«“‘^(t)v(t)  -  Oj^f(t)p(t), 

whtrt 

(6.13)  f(t) .  «(t)  + 

(6.14)  A(t)  -  A  -  Oj^  [4(t)  +  •“'*A)(t)]  . 

kB  in  ^4,  w«  l«t  ■  •  •(t),  wh«r« 

(6.15)  •(t)  -y*  A(ti)<jtj, 

and  obtain  th«  equations 

(6.16«)  u(t)  -  [»(tj^)u(tj^) 

*0 


‘o  -  ^  i  ‘  ^  ‘O' 
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(6.16b)  u(t)  .  p(t)  +  ^ 

*0 

^  ‘>(t^)v(tj)(ltj,  t  2  ‘o- 


)<lt 


Pron  (6.16),  follows 

(6.17)  v(t)  -  p(t)  -  p(t  -  6j)s  +  q(t) 

-c^q(t)y^^^s  ^  ^^f(t^)p(t^)dtj^ 

^0 

+  OjQCt)/*— 

*0 

+  ^  b(t^)v(tj^)(ltj^,  t  2  tg  +  «J, 


whtr* 

(6.18)  q(t)  - 

It  iSp  of  courstp  not  clsar  a  priori  that  (6.1)  has  a  solution 
for  which  ths  integral  in  (6.8)  converges  or  which  satisfies 
the  Integral  equation  In  (6.9)  and  (6.16).  We  therefore  have 
recourse  to  the  method  of  successive  approzlstttlons .  EQr  this 
method  we  shall  establish  the  existence  of  a  solution  of 
(6.16)  which  is  also  a  solution  of  (6.9)*  The  equation  In 
(6.9)  has  been  so  arranged  that  this  solution  will  be  found 


8-28-|S 

to  bt  of  ordor  roughlj*  and  thoroforo  tho  Integral  in 

(6.8)  will  be  abaolutely  convergent  and  the  aoiution  of  (6.9) 
will  alec  be  a  aolutlon  of  (6.1).  We  define  euooeaeive 
approxiaationa  aa  followa: 

(6.19)  UQ{t)  . 

{6.201.)  vi(*)  ■  +/" 

0 

(6.20b)  u„^^(t)  .  p^(t)  +  ••<*)  -  f(ti)p„(t^)<Jt 

*0 

wherein  we  uae  the  abbreviationa 

(6.21)  p„(t)  .  -y’*  *’^*l^“n^*l  “  ~ 

*0 

‘  I  ‘o' 

Vn(t)  *  u„(t)  -  Un(t  -co)."*,  t  t^. 


(6.22) 
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Of  oouTft,  it  will  b«  neo«tMi7  to  ihow  that  all  tha  Inflnlta 
intosrala  in  thtaa  daflnltiona  oonyarga  for  aach  n.  Fx^m 
(6.17)  it  it  olaar  that 

(6.23)  Vl^^^  “ 

'0 

Wa  aaauBa  that  a(t)  and  b(t)  aatlafy  tha  hjpothaaaa  1  or 
II  of  Thaoran  2. 

Thara  it  a  oonatant  0^  >  1  such  that 
A(tr-tQ)  sft) 

(6.24)  a  °  ^  ®3*  '  »  ^0  “  ^  ^  ^0’ 

We  shall  now  prove  that  the  integrals  in  (6.20a)  and  (6.21) 
oonvarga  for  a  vary  n,  and  aoraovar  that 

(6.25)  |Ujj(t)l  ^  2o^a*^^^  t  ^  t^  -  n  -  0,1,2,..., 

(6.26)  ^  2c^€^( t )a*^^ t  ^  t^,  n  -  0,1,2,..., 
where  £^(t)  it  a  oartaln  function  of  tha  type  ^(t).  Froa 
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(6.19),  the  Inequality  In  (6,25)  io  valid  for  n  -  0.  iUso 
(6.27) 


Hence  the  Inequality  In  (6.26)  la  valid  for  n  <>  0  If  we 
ohooee  t^{t)  ^  (q(  t  )e'~®^^  M  .  We  now  proceed  by  Induction. 
Suppose  that  the  Integrals  in  (6.20a)  and  (6.21)  have  been 
shown  to  converge  for  n  -  0,l,...,m-  1  and  that  the 
Inequalities  In  (6.25)  and  (6.26)  have  been  shown  to  be 
valid  for  n  -  0,1,..., m.  Under  the  hypotheses  of  Theorem  2, 
we  can  use  Lesna  2  or  Leaaa  3  to  show  that 


(6.28)  ^  U(t^)e  b(t^)e  ^ 

*0  ^ 


Kl(t  - 


t  ) 

^  ce^^y^^  6(t^)exp  (^  -  k)t^  -  ^  f(t2)dt2  dt^ 


i  -J  ^  ^  ^0* 


Sinllarly,  using  Leona  4  or  Lemna  5> 
(6.29) 


00 


B(t,)  •(t,-^-))  I 

a(tye  ^  b(t^)s  k2(t-t^;it^ 


^  1 


5  (t),  t  i  t^. 


It  therefore  follows  from  (6.25)  with  n  -  m  that  the  Inte¬ 
grals  In  (6.20a)  and  (6.21)  converge  for  n  »  m.  Moreover, 
by  using  the  bound  (u^(t)|  ^  2c^o*^*'^  and  the  Inequalities 
in  (6.28)  and  (6.29),  we  find  that 
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(6.30)  |P„(t)|  ^  t  ^  t^. 

Alio,  from  (6.20a)  wt  gat,  using  tha  Inaquality  in  (6.29 )f 

i  •  +  0^»  '  -  OJ  ^  t  i  tj,. 

Using  tha  inaquality  in  (6.24),  this  yialds 

(6.31 )  ^ ^  ^0  ~  ^  ^  ^0* 

Binoa  wa  can  taka  t^  suffioiantly  lax^a  that  ^ 

Prom  tha  inaquality  in  (6. 30),  wa  daduoa  that 

(6-32)  |oi/‘  •  Si  04'  ‘2  V 

*0 

whara  is  as  small  as  wa  plaasa  if  t^  is  suffioiantly 

larga,  and 

1  /if.  )  1 

(6.33)  <>1/  •  i  ‘  2  *0  + 

Using  tha  inaqualitias  in  (6. 30}  and  (6.32)  and  tha  inaquality 
i  In  (6.20b),  w*  g«t 

lu^,(t)l  i  2c3.*(^)£3(t)  .  .•<*)  .  cX“’ 

+  2|<!2i03.*('^)/®  |b(t3)|J3(t,)dt3,  t  ^  tg. 

t/N 


If  t^  is  BO  larga  that 
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(6.34)  +  o^e"^  +  2lCj|  y’®  (b(t^)|6^(tj  )dtj^  <  X,  t  ^  ^q, 

‘o 

It  follow*  that 

(6.35)  l'Vl(*)l  ^  ‘  i  *•0- 

Finally,  if  w*  us*  th*  variou*  in*qualiti .<■  alraadj  obtained, 
w*  gat 

|v^l(t)|  $  2Cj«*(‘)ej(t)  +  2c^«  -  co) 

+  q(t)**(*^  +  Ojj£(t)«®(^^  +  £j(t)»*(*^ 

.f  2  loji  036( t  )t*(‘  )yf “  |b( )|£i(t^  )(lt^ 

*0 

+  2l<=2'«3**^*'^t^  |b(tyU^(ty(lt^,  t  ^  tQ  +  o 

and 

l''llRl(‘)l  ^  >Vl(‘^'  +  •"^l‘Vl(‘  - 

By  ohoio*  of  ^(t)  and  t^,  and  ut*  of  (4.17),  w*  d*duo* 
that 

(6.36)  lv^l{t)l  i  2036^(t)«*('^>,  t^tQ. 

Iliis  oouplot**  the  induotiv*  proof  of  th*  in*qualiti*s  in 
(6.25)  and  (6.26). 
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N«xt,  w«  proY«  that  th#  s«qu«no«  oonvergas  ai 

n  — >  00  ,  uniformly  in  any  flnlta  intarvai  in  irhioh 
t  ^  —  CO.  In  order  to  do  this,  we  ahall  ahov  that 

(6.37)  i 

n  -  0,1,2, ... , 

and 

(6.38)  i  2-”+2c3e^(t )••(*'),  t  ^  t^. 

n  *  0,1,2,...  . 

Sinoe  the  proof  ia  by  induction,  and  very  aimilar  to  that 
juat  given,  we  ahall  oaiit  it. 

From  (6.37)  it  ia  clear  that  the  aeriea 
00 

(6.39)  Z 
n-0 

ia  abaolutely  and  uniformly  convergent  for  t  in  any  finite 


intex*val 

In  which  t  ^ 

• 

3 

1 

0 

Let 

(6.40) 

u(t)  . 

lim 

u„(t). 

^  ^  ^0  - 

-  H 

n->oo 

(6.41) 

T(t)  - 

lim 

.„(t), 

^  ^  ^0* 

n-»oo 

From  the 

inequalitiea 

in  (6.25) 

and  (6. 

.26),  we  have 

(6.42) 

W(t)\ 

i  203 

t 

Ct 

0 

1 

CO, 
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(6.43)  lv(t)|  ^  2c^t^(t  t  ^  tQ. 


With  th«  aid  of  these  bounds,  it  is  easily  seen  that  the 
intecx*>^l 

(6.8)  [a(t^)u(t^)  ^  b(t^)u(tj^  -  <-^)]k2(t  -  t^)dtj^ 

^0 


is  absolutely  oonTez*gent .  We  oan  therefore  define  p(t)  as 
in  (6.10).  nie  uniform  oonvex^ence  of  the  sequenoe 
to  u(t)  enskdes  us  to  deduce  that  u(t)  satisfies  the 
equations  in  (6.I6).  Thus  u(t)  is  continuous  for 
t  2  tQ  ~  oi  and  satisfies  the  equation  in  (6.9)  for  t  ^  t^. 
Since  the  intesral  in  (6.8)  is  absolutely  convergent,  u(t) 
is  also  a  solution  of  the  differential-difference  equation 
in  (6.1). 

By  using  the  bounds  in  (6.42)  and  (6.43),  we  oan  in  the 
usual  way  deduce  the  asyaptotio  form  of  u(t)  from  the  inte¬ 
gral  equation  in  (6.I6).  We  write 


(6.44) 


i(t)  -  .  p(t)  . 


a  -f  e 


-  v'"’/ 


00 


e  bvdt^. 


where 


/700 

(6.45)  -  1  -  e  [1 

+  ^21/  •  bvdt^. 


a  -f  e  b 


pdt . 


bj  pdt^ 
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and  obtain 

(6.46)  u(t)  -  0(1))  as  t — >00. 


Furthsrnor's,  If  a(t)  and  b(t)  havs  asynptotio  powtr 
ssrlai  axpansiona, 

(6.47)  *(t)-  *  »  bCt)  *  b  t““, 

n-1  “  n-1  " 


and  If  a'(t),  b'(t),  a"(t},  and  b"(t)  exist  and  have 
asyaptotlo  power  series  expansions,  then  the  prooedxure  of  ^5 
shows  that  u(t)  has  an  asjiqptotio  expansion.  In  fact,  the 
equation  In  (6.l6b)  Is  Identical  In  form  with  the  equation  In 
(4.12),  and  the  only  difference  In  the  discussion  Is  caused 
by  the  different  fwvw  of  p(t)  as  given  by  (6.10).  It  Is 
only  necessary  to  add  to  the  previous  arguaents  an  analysis 
of  the  Integral 


J 


a(t^)u(t^)  b(t^)u(t^ 


^^(t  -  tj^)dt^. 


For  exaaple,  given  that 

u(t )  -  e*^^^  [uq  t  0(t“^)J  , 


we  have 
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^Vo/  • 


+  0(/’"  -  tj^)dt^). 

Th«  laft  tarn  hara  la  aaally  aaan  to  ba  0(a*^^V^^).  To 
aatimata  tha  first  intagral,  wa  vrlta 


/ 


00 


B(t— t,  ) 


(t-  t,)dti  ./°  *t  _  /  »c^(t,)dt, 

—00  i 


—00 


As  in  ^3#  this  jlalds 

_  s(t,  )  , 

.•(t)  ^0  -^*2„  ^ 

-t-  ^\  '  ~~H 


•  ‘>‘2(t2)dtj 

—00 


) 


/t 

Tha  inflnlta  Intagral  Is  oonvargant  baoausa  lk2(t)|  ^  ca  , 

Z  >  It  Is  thus  olaar  that  tha  antlra  discussion  In  ^3  osn 
be  carrlad  through  Just  as  bafora. 

Tha  rasults  of  this  saction  oan  ba  summarisad  by  saying 
that  Thaorams  2  and  3  raaain  valid  if  Is  any  raal^  sinpia 
oharaotaristic  root,  not  nacassarily  tha  principal  root. 
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7.  Coapltx  Itoof  of  Wultlpllolty  0n« 

V«  «h«il  now  show  how  to  find  the  asymptotic  form  of  a 
solution  associated  with  any  simple  root,  real  or  complex,  of 
the  equation 

(7.1)  u'(t)  +  (a^  +  a(t))u{t)  +  (b^  b(t))u(t  -  c*j)  -  0. 

Let  the  root  In  question  be  A,  auad  let 

(7.2)  Cj^  -  1A'(’^)» 

(7.3)  A(t)  -  A  -  0^  [a(t)  +  b(t)e“‘^], 

(7.4)  s(t)  A(t^)dt^. 

^0 

fhe  results  of  ^4  ^6  su^sest  that  there  will  be  a  solu¬ 

tion  of  the  for* 

u(t) 

However,  there  Is  an  additional  difficulty  In  showing  this 
directly  by  the  method  used  In  ^6,  because  Lessnas  3  and  5 
cannot  be  applied  to  an  Integral  of  the  form 

,(1U  A 

which  can  now  appear  In  the  expression  for  p(t)  slnoe  there 
are  other  roots  with  real  part  equal  to  the  real  part  of  A. 
The  BlBq>lest  way  to  get  around  this  difficulty  Is  to  make  the 


substitution 


(7.5)  u(t) 
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•ni*  •quatlon  In  (7.1)  then  takes  the  rorn 
(7-6)  x'(t)  +  [xq  f  a(t)  + 

+  [bQ  +  b(t^  .  0. 

Lattlng 

(7.7)  f(t)  .  a(t)  t  b(t)a" 

wa  have 

(7.8)  b(  t  -  c^)  -  5(t )  -  -  c^T{t)  -  ' (t )  -»■  0(f''(t )  )* 

and 

(7.9)  +  c^-..f(t) +  0(f'{t))j. 

The  equation  In  (7.6)  therefore  can  be  written 

(7.10)  x'(t)  +  j^a^  -t-  a(t)  +  e”‘‘^[bQ  D(t)][  1  c^cjf(t) 

-  ^^'^>^f'(t)  ■*-  0(f"(t))]x(t  -  o)  -  0. 

T^e  oharacterletlc  equation  for  (7.10)  !■ 

(7.n)  a  ^  A  *  Xq  +  .  0, 

fix>B  which  we  s<ife  that  the  trans formation  in  (7*5)  has  trana- 
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lattd  all  roots  by  ths  aaount  —  In  partlcxilar,  ths  root 

In  which  w«  ajrw  intsrwstsd  now  liws  at  a  -  0.  Furthsraort, 

-iJ' 

Bines 

(7.12)  Sq  +  a(t)  +  ?<t)  +  +  b(t)][l  Cj«f(t) 

-  +  0(f"(t))] 

-  •' ‘^c^.>b(t)f(t)  -  '(t)  +  0(bf'  +  f"). 

We  shall  denote  a  function  of  the  type  In  (7*12)  bj  the  synbol 
e^(t),  assuming  the  hypotheses  of  ^4  and  ^6  aro  satisfied. 

Let  us  therefore  consider  an  equation  of  the  fom 

(7.13)  u'(t)  +  (Sq  >  a(t))u(t)  4(b^^  +  b(t))u(t  -  -  0, 

having  a  root  at  a  -  0  and  complex  coef flclenta,  such  that 
Bq  +  b^  -  0  and  such  that  a(t)  -»■  b(t)  -  f^(t),  as  In  (7.12). 
We  shall  show  that  there  Is  a  solution  which  la  asymptotically 
constant.  ITie  kernel  function  associated  with  (7.13)  now  has 
the  form 

(7.14)  k(t)  -  “*■ 

where 

'i  ■  "  T-:^—  , 


and 
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(7.16) 

It  t 

^  ce  ,  k  <  0, 

(7.17) 

litjCt)! 

tt  / 

^  cc  ,  Ji  >  0, 

and  where 

represents  the  contribution  of  the  other 

root  lyln|(  on  th«  inaftinary  axis.  (For  higher  order  equations, 
there  oan  be  skore  than  one  other,  but  for  an  equation  of  the 
form  In  (7-13)»  there  are  at  Moat  two  roots  on  any  vertical 
line,  both  of  them  eimple.)  As  before,  we  have  solutions 
which  satisfy 

(7.18)  u(t)  -  c  -»■  ce^^  ~i/^^ 

^0 


b(t^)u(t^ 


k(t  - 


t^)dt^ 


^  ^0' 


Assusilng 

that 

the  Integrals 

(7.19) 

8 

0 

la(t^)u(t^)  -►  b(t^)u(t^ 

-'-)idtj 

and 

(7.20) 

^0 

|a(t^)u(t^)  b(t^)u(t^ 

~  |42(^  ““  t^)ldt^ 

are  oonvergent,  we  oan  replace  the  integral  equation  in 
(7.18)  by 
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(T.21)  u(t).i-/‘ 

^0 

[a(t^)u(t^)  b(t^)u(t^  -  c^)]  )c^{^  - 

ti 

Xt 

^  ^  ^0' 

Tha  corral  ponding  equation  for  ^  ^  ^0 

(7.22)  u{t)  -  1  +/“  [a(t^)u(tj)  +  b(t^)u(tj  -  '^)]lC2(t  - 

^0 

^  Ja(t^)u(t^)  -»■  b(t^)u(t^  -  ^)]dtj^ 

^0 

— ^/t , 

+  (a(t^)u(tj)  +  b(t^)u(t^  <lt^. 

^0 


If  we  put 

(7.23)  v(t)  -  u(t)  -  u(t  -  ‘0# 


we  can  write 

(7.24)  a(t)u(t)  +  b(t)u(t  -  o)  .  |a(  t )  +  b(  t  )|  u(  t )  -  b(  t  )v(  t ) , 

t  ^  t.Q. 
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We  now  define  Iterates  u^(t),  n  -  0,1,2, as 
follows: 

(7.25)  UQ(t)  -  1,  t  ^  t^  -  CO, 

0 

‘0  “  '  i  'o' 

“n+lf')  -  i  *  ‘'(‘i)'*n(ti-<.)]kj(t^ti)cltj 

'  i  '■0- 

We  shall  now  show  that  thex*e  Is  a  function  t^(t) 

(7.28)  lu^(t)l  ^  2,  t^tQ-H  n.  0,1,2,..., 


such  that 


P-1470 

8-28-58 

-69- 


(7.29)  |v^(t)l  ^  2^(t),  t  ^  tQ,  n-  0,1,2,.... 

and  such  that  tht  inflnita  intagrait  in  (7* 26)  and  (7«27) 
conYerga.  From  the  daflnltlon  In  (7.25),  It  ia  claar  thiat 
tha  Inaqualltlas  In  (7.28)  and  (7*29)  are  valid  for  n  -  0. 

We  now  procaad  hy  induction.  Suppoaa  that  tha  intagrala  in 
(7.2b)  and  (7*27)  hava  baan  ahown  to  ba  oonvargant  for 
n  -  0,l,...,ui—  1,  and  that  tha  inaqualitiaa  in  (7-28)  arid 

(7.29)  hava  baan  ahown  to  ba  valid  for  n  -  0,1,..., m. 

Than  from  (7.24)  wa  find  that 

(7.30)  |a(t)u^(t)  +  b(t)u^(t  -  c^)\  ^  2|a(t)  *  b(t)| 

+  2|b(t)|£^(t), 

(7.31)  i«(t)u^(t)  +  b(t)u^(t  -  o)|  ^  t  i  tQ, 

2 

where  &  (t)  denotes  tha  product  of  two  functiona  of  tha 
type  ^(t).  It  follows  that  tha  intagrala  are  convargent  for 
n  m.  Moreover,  by  Lemma  2  or  J, 

(7.32)  ^  !^1^^  "  '^l^  *^^1 

^  a^^y’^  h^(t^)e  ^dt^  ^  t(t),  (k  <  0) 

^0 


and  by  Lemma  4  or  5, 
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(7.33) 

i  /*/’*  £2(t^).”'^‘ldti  i  e(t)  (/>  0). 

Xf 

klmo,  by  L«ma  6, 

(7.3*)  [‘(‘llV'!)  ♦  ‘>(ti>".<‘l 


-  e^t)o(i). 

Finally, 

(7.35)  y^®®  |a(tj^)Ujjj(tj^)  +  b(t^)Uj^(tj^  -  ‘o)(<it^ 

X 

-y?«  e2(t^)dt^  -  0(1). 

X 


It  Is  thsrafors  clsar  from  the  definitions  In  (7.26)  and 
(7.27)  that 

(7.36)  ^  ^ 

proTlded  t^  Is  sufficiently  lajrge.  Moreover,  If  we  use 
the  abbreviation 

*  «i(t)u^(t)  +  b(t)u^(t  -  o). 


we  have 


P-1470 

8-26-^ 

-71- 


(7.3T)  -  t^)4ti 

-  h)"! 

-4Z 

*  °2*^V“ 

ni«  first  six  Integrals  In  th«  rtght  asmbsr  of  (7.37)  ar« 
all  £(t),  by  th«  Inaqualltlai  In  (7.32)»  (7*33 )»  and  (7.3^). 
Di*  last  is 


-  "  o(£^(t)). 

(0  <  CO  <  co). 

It  follows  that  If  ej^(t)  is  propsrly  chossn  and  t^  Is 
sufflclsntly  largs. 


+  w. 
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Siiio« 


i  -HI  S  *, 


w«  hava 

(7.38)  ^  2(£^(t)),  t  ^  tQ. 

Ttils  ooB«)lct«s  th*  Induotlra  proof  of  the  relation*  in  (7.28) 

and  (7.29). 

Tha  raat  of  tha  proof  la  vary  Birallar  to  that  In  and 
••  Bhall  OBilt  tha  datalls.  "rtia  aaquanoa  oonvar^as 

uniformly  to  a  Halt  function  u(t)  for  which 

|u(t)l  ^2,  t  ^  tp  -  U),  • 

^  2^(t),  t  ^  tQ. 

nila  Halt  function  aatlaflea  tha  Intagral  aquations  In  (7.21) 
and  (7.22).  Slnca 

a(t)u(t)  +  b(t)u(t  -  co)  -  Ja(t)  +  b(t)]u(t) 

-  b(t)v(t)  -  £(t)^, 

tha  Inflnlta  Intagrala  In  (..I9)  and  (7.20)  ara  oonvargant, 
and  tharafor*  u(t)  1*  a  solution  of  tha  aquation  In  (7.1j). 
Proa  tha  aquation  In  (7.21),  It  Is  avldont  that 


u(t)  -  1  +  0(1).  Mor«oT«r,  If 
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«(t)  ~  Z  »  t-",  b(t)  ^  Z  b  +  b  .  0, 

n-1  "  n-1  "  ^  ^ 

w«  oan  In  the  usual  way  show  from  (7.21)  that 

00 

u(t )  -^  Z  u  t“^. 
n=aO  ^ 

Taking  account  of  the  preliminary  transformation  In  (7.5)> 
we  see  that  we  have  proved  the  following  theorems,  which 
Include  Itieorems  2  and  3  as  special  caaes. 

Theorem  4.  let  A  be  any  elagple  root  of  the 
characteristic  function  h(8)  -=  s  -»•  Sq  -*>  b^e""^.  Let 

-  l/h'(A)  -  (1  -  bQa>e“"^“\ 

A(t)  -  7.-c^ja(t)  -»■  e”'"^b(t)]  , 

»(t )  ^  ?\(t^)dt^. 

^0 

Suppose  that  a ( t )  and  b ( t )  satisfy  one  of  the  following 
two  sets  of  hypotheses: 

I  ^  (a(  t  )1  dt  <  00  ,  y’®®  |b(t  )|dt  <  00  ; 

II  a(t)  and  b(t)  tend  nonotonloally  to  zero  as  t  —>00, 

a'(t)  -  o(a(t)),  t)'(t)  -  o(b(t))  as  t  —^00, 


P-1470 

8-28-^ 


a®(t)<lt  <  CD  ,  ja'(t)|<lt  <  OD  , 


y)®  b^(t)dt  <  00,  y’®ib'(t)|dt  <  00, 
y’®  |a(t)b(t)|dt  <  00, 

11.  .  1,  11.  - 1-  0 

t^oo  ^  t-^00  ^ 


Ttoan  tha  aQuation 

u'(t)  +  (a^  +  a(t))u(t)  +  (bQ  +  b(t))u(t  -  ki)  -  0 

has  a  aolution  of  tha  foi*m 

u(t)  -  +  o(l))  M  t-?-oo. 

Thaoran  5.  Let  ?.  ba  any  almpla  root  of  tha 
eharaotarlatlc  function  h(8)-8  +  aQ+  b^a  S'uppoaa 

that  a(t)  and  b(t)  hara  asyptotio  powar  aarlaa 
axpanalona 

a(t)  Z  a  t“",  b(t)  ^  Z  b  t“", 
n-1  "  n-1  “ 

and  that  a'(t),  b'(t),  a"(t),  and  b"(t)  axlat  and  hava 
aayptotic  powar  aartas  axpanalona.  T^*n  thar*  dxiat^  4 
aolutinn  ’?^.t)  of  tha  aquation 
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wher«  the  corresponding  oharacterlstlo  equation  has  a 
multiple  root.  It  turns  out,  as  might  be  expected  from  a 
knowledge  of  the  corresponding  situation  for  ordinary 
differential  equations,  that  the  expansion  of  a  solution 
corresponding  to  a  multiple  root  Is  not  as  sliq^le  as  that  of 
a  solution  corresponding  to  a  simple  root.  An  Idea  of  what 
to  expect  can  be  obtained  by  consulting  the  paper  of  Yates, 
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who  showed  that  a  solution  of  the  equation  with  linear 
ooeffioients, 

(8.3)  x'(t)  -  Z  (tA  +  B,  )x(c  -  a.,  ), 

1-0  ^  ^  ^ 

corresponding  to  a  double  root  A,  taices  one  of  the  forais 

(8.4)  x(t)  -  ot*’e“^^^^(l  +  0(1)), 
x(t)  -  ct*‘(l  +  0(1))  +  c, 
x(t)  »  c  log  t(l  +  0(1))  +  c, 

where  r  and  a  are  constants  depending  on  the  equation  in 
(8.3 )»  and  whare  the  c's  ar«  constant  vectors. 

Results  of  a  sistilar  tjpe  occur  in  the  theoi?y  of 
ordinary  differential  equations.  For  exanple.  It  is  Icnown^ 
that  the  equation 

(8.5)  +  a(t)u(t)  -  0 
in  which 

(8.6)  a(t)~  2  a  t““  (a,  0), 

n-1  "  ^ 

has  two  solutions  of  the  font 

(8.7) 


ansions.  Dover  Publloatlcns, 
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Tht  atyvptotlc  strlaB  In  (8.7)  contain*  power*  of 
rather  than  power*  of  t. 

Mfe  begin  by  *howinf  how  the  aethoi  of  the  Llo  iYille 
traneforaation  can  be  u*ed  in  aecertaining  the  a*yiq>totlo 
fortfl  of  eclution*  of  ordinary  differential  equation*  with 
Bultiple  oharaoteri*tic  root*,  since  we  propose  to  show  in 
later  eections  that  the  saae  technique  i*  of  great  ueefulne** 
in  di*cu**ing  differential-difference  equations.  Lit  us 
therefore  consider  a  second  order  differential  equation,  with 
a*7flq>totioall7  constant  coefficients,  for  whioh  the 
characteristic  equation  has  a  real  double  x*oot.  Such  an 
equation  ha*  the  fora 


(8.6) 


u"(t)  -  2 


a  a 


-*•  a. 


j(t)]u(t)  -  0, 


where  we  suppose  that  a^(t)  and  a^Ct)  are  real  and 


(8.9) 


aj^(t )  — ^  0  a2(t )  0, 


2  2 

as  t  — ^  00  .  The  characteristic  equation,  s  —  2a*  -►  a  -  0, 
ha*  a  double  root  at  *  -  a.  As  a  first  step,  we  shall 
translate  this  double  root  to  the  point  *  -  0.  To  do  this, 
we  shall  use  the  following  leases.  These  and  the  subsequent 
leBBoas  may  be  found  in 


,  Chapter  6. 


Lei 


Ihe  substitution 


(8.10) 


u  -  V  exp 


p(t)dt 


j 


tz*anaforms 


F-1470 


(8.11)  u"  4  p(t)u'  -f  q(t)u  -  0 


into 


(8.12)  ▼"+  Q(t)— -^'(t)— -^(t)' 


V  -  0, 


Ttili  lamnaL  oaji  b«  verlfitd  directly.  WhOii  applied  to 
the  equation  in  (8.8),  It  z^eaults  in  an  equation  of  the  form 


(8.13)  Y"it)  -  b(t)v(t)  -  0, 


where 

(8.14)  b(t)  -  -  a.^{t)  *  2a«^(t)  -  a;(t)  + 


The  function  b(t)  will  approach  zero  ae  t  —^oo,  but 
will  not  In  general  be  Integrable  oyer  the  Infinite  Interval. 
We  therefore  make  a  Llouvllle  tranaformation,  ae  In  the 
following  lema. 

Lemma  10.  The  change  of  variable 
(8.15)  •  at(t^)(lt^,  a(t)  >0  for  t  ^  t^. 


traneforma 


(8.16)  u''(t)  a(t)^u(t)  -  0 


into 
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(8.17)  5!s  4.  4s  +  „  .  0. 
ds^  .(tr  d*  ” 

Ttxis  Itnaa  !■  also  sasy  to  vsrlfy.  Lot  us  assuoM  that 
b(t)  /  0  for  t  ^  t^.  Than  If  we  apply  Lenusa  10  to  the 
equation  In  (8. 13)  we  obtain 

(8.18)  4!»  4  Sltii  4»  T  T  .  0 

ds'^  c(t)'^  ds 

where 

(8.19)  c(t)  -  lb(t)|^/2  _  b(t)j^/2^ 

Onoe  acaln  we  use  Lemna  9  to  eliminate  the  middle  term  in 

(8.18).  nie  result  is  the  equation 

(8.20)  [■*■  ^  ^(•)]*  "■ 


where 

(8.21) 


In  many  oases,  the  fuz ^tion  f(s)  will  be  Integrable  over 
the  Infinite  Interval.  Moreover,  the  two  oharaoterlstlo 
roots  of  the  equation  In  (8.20)  have  been  separated. 
Assuming  that  f(s)  Is  Integrable,  we  next  transform  the 
equation  In  (8.20)  Into  an  Integral  equation,  using  the 
following  lemma. 
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aolutlona  of  tho  oauatlon 


(8.22)  u"(t)  +  a(t)u(t)  -  0 


for  which  tho  Wronakiam 


(8.23)  ^(u^.Ug)  - 


'*1  ^2\ 


for  all  t.  Than  «v«xt  aolutlon  of  the  Inhoaogenaoua 


aquation 


(8.24)  u"(t)  +  a(t)u(t)  -  f(t) 


aatlafiaa  an  aquation  of  tha  fom 


(8.25)  u(t)  - 


hl(t)u2(ti)  -  u^(t^)u2(t)]f(t^)<lt^, 


Writing  tha  aquation  in  (6.20)  in  the  tom 
2 

(8.26)  — -w  +  w  =  —  f(8)w. 


flnii  applying  Lamma  11,  we  find  that  every  aolutlon  aatiafiea 


an  integral  aquation 


(8.27)  w(b)  -  0^“  + 


-1.  .  1  f>(— i' 


e  J  f(a^)w(Bj^)da^, 
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or 

(8.23) 


»(■) 


Cl* 


+  o 


f(*l)w(*l)<Ui, 


<l*p*ndlnc  on  th*  algn  in  (8.26).  If  f(*)  1*  absoluttlj 

Intcgrabl*  over  th*  infinlt*  lnt*rval,  and  if  ■ — *  or  a* 
t  ->  00 ,  it  1*  *a*7  to  show  from  th*ae  aquationa  87  a  now 
familiar  az*guia*nt,  of.  [l]  ,  that  th*r*  ar*  two  aolutiona 

(8.29)  Wi(*)  -  *^*(1  +  o(lj),  W2(a)  -  *-^*(l  +  0(1)), 


or 

(8.30)  Wi(*)  -  *•(!  +  0(1)),  W2(*)  -  *”*(1  +  0(1)), 

aa  th*  oaa*  amj  b*.  Prom  th*a*  raaulta,  it  ia  aaaj  to  writ* 
down  th*  aayiaptotio  form  of  the  aolutiona  of  th*  equation  in 
(8.8). 

W*  ahould  like  to  illustrate  thea*  remarks  by  oonsiderlnc 
th*  case  in  which  th*  coefficient  function  b(t)  in  (8.I3) 
has  an  asymptotic  power  series, 

(8.31)  b(t) 

It  is  necessary  to  diride  the  discussion  into  three  oases, 
according  as  bi  »  b^  -  0,  bi  -  0  and  0  or  ^i  /  0. 

In  the  last  case,  the  Liouville  transformation  has  th*  form 
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•  ^  2  lb  1  V2tV2  ^  (*0  -  1 ) 

^  n-0  "  ^ 

and 

f(.)  itUiJl!  7  . 

^  lb(t)|  3  4|b(t)l2 

It  la  raadily  aaan  that  f(a)  -  0(t“^)  -  0(8“^).  Tharafore 
tha  aboTa  aathod  ahowa  that  thara  ax*a  aolutlona  of  tha  font 

w(8)~  a±^*  z  e  b“"  (b,  >  0) 

n-0  "  ^ 


has  baan  aatabllshad,  the  valuaa  of  the  ooefflolenta  and 

tha  paraiaatan  a  and  (3  oan  nost  easily  be  determined  by 
substituting  In  tha  differential  aquation  In  (8.I3)  and 
equating  coafflolants. 


P-1 470 

8-28-58 

-83- 

If  -  0  and  bg  transforaatlon 

haa  tha  form 

•  -  (®5l  log  t  -  Z  ®n^  • 

2  n-0  " 

In  thla  oaaa, 

f(8) - ^  +  fg(a) 

4|b2\  2 

whar* 

00  00  -na/l  bgl 

Tha  tranaformad  equation  haa  tha  for* 

(8.33)  -  -  f2(«)»» 

ds 

wh«r6 

1  1 

®3  “  ^  ^ 

Tha  uppar  and  lowar  algna  In  (8.33)  ar«  to  ba  uaad  aooording 
aa  bg  >  -  1/4  or  bg  <  -  1/4.  It  followa  that  thara  ara 
aolutlona  of  tha  form 

+c-a  00  -na/\b2t^'^^  1 

(8.34)  *(•)-•  2:0  a  ,  b2>-Tf, 

n-0  “ 


or 


(Q.35) 
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w(a) 


+lC^8 

t  ^ 


oo 
2  0 
n-0 


1/2 


n 


<  - 


1 

¥• 


■m*  fora  of  v(t)  le  raadlly  deduced  from  these  relations, 
on  the  other  hand.  If  -  -  1/4,  then  C3  -  0,  and  from 
the  equation  In  (8.33)  we  get 

(8.36)  w(s)  -  +  cgs  (,  _  8^)f2(B^)w(s^)de^. 

*0 

It  can  be  shown  that  there  are  solutions  of  the  fora 

w(b)  -  1  +  0(1)  and  w(8)  <■  s(l  +  o(l)) 
and  therefore 

(8.37)  v(t)  .  t^/^(l  +  0(1))  and  T(t)  .  t^/^  log  t(l  +  0(1)). 

Further  terms  In  the  asymptotic  expansion  can  be  found  by 
closer  examination  of  the  equation  in  (8.36),  using  the 
known  form  of  f2(»). 

Finally,  if  b^^  -  0,  -  0,  the  Llouvllle  transfor¬ 

mation  Is  not  needed,  and  should  not  be  used  Inaamuch  as  the 
Integral  In  (8.15)  will  not  approach  00  as  t  — ►  00  .  in 
this  case,  we  work  directly  with  the  equation  In  (8.I3). 

Applying  Lemma  11,  we  obtain 

(8.38)  v(t)  -  +  Cgt  + 


Since 


(t  -  tj^)b(tj)v(t^)dt^. 


(8.39)  y’°®tlb(t)ldt 
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!•  convergent.  It  la  not  hard  to  doduoa  froat  the  equation  In 
(8.38)  that  there  are  two  aolutlona  and  v^  having  the 

forma 

(8.40)  Vj^  -  1  +  0(1),  Vg  -  t(l  +  0(1)). 

Ilie  eatlmatea  In  (8.40)  can  be  carried  out  to  aa  aianjr  terma 
aa  dealred.  (Some  of  the  terma  contain  logarlthoa.  In 
general . ) 

The  method  alcetched  here  la  applicable  not  only  when  the 
coefficient  In  (8.13)  haa  an  aaymptotic  power  aez*lea 
expanalon,  but  also  when  It  la  an  arbitrary  power  of  t, 
log  t,  or  e  ,  or  a  combination  of  theae.  It  may  aone- 
tlmea  happen  that  f(a)  In  the  equation  In  (8.20)  la  not 
Integrable,  but  that  one  or  more  repetltlona  of  the  trana- 
formatlon  employed  will  yield  an  equation  of  the  type  In 
(8.20)  In  which  f(B)  Integrable. 

9.  The  Llouvllle  Transformation  in  Qeneral 

TTie  extenalon  of  the  Llouvllle  tranaformatlon  to  linear 
ayatema  of  higher  order  la  the  following.  In  place  of  an 
n-th  order  equation,  oonaider  a  vector-matirlx  ayatem 

-  *(Mx. 

Let  ^  j^(t ),  A2(  t ), . . .  ,Aj^(t )  be  the  charaoterlatlc  roota 


(9.1) 
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of  A(t)  aasuaed  distinct  for  t  ^  t^.  Lst,  undsr  this 
assumption,  T(t)  be  a  matrix  which  reducss  A(t)  to 
diagonal  fons,  l.s.. 


(9.2) 


f“^(t)A(t)T(t) 


0 


0 


A^(t) 

J 


Maks  the  change  of  vax*lable 


(9.3)  X  -  T(t)y. 

Then  (9.1)  becoaes 

(9.^)  [^^{t)A(t)T(t)  -  T'(t)]y. 


One  may  either  use  this  fona  or  make  the  further  chaises 
of  Independent  variable 

(9.5)  •  \(t^)dti. 


dependent  upon  the  solution  that  Is  being  ezaalned. 

This  aethod  has  been  used  by  Cesan,  [u]  ,  and  Levinson, 
[sj ,  to  study  the  stability  and  asymptotic  behavior  of 
solutions  of  linear  systems.  The  Inf Inlte-dlsienslonal 
character  of  dlfl'erentla-I-dlf ference  equations  forces  us  to 
use  a  different  approach. 
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10.  Wultlplt  ftpota  of  PlffTtntijLl-dlfferMW  Equatloiui 
Principal  Jtoot 

Wc  shall  now  show  how  to  obt€d.n  the  asymptotic  form  of  a 
solution,  corresponding  to  a  multiple  root,  A ,  of  a 
differential-difference  equation  of  the  form 

(10.1)  u'(t)  +  (a^  +  a(t))u(t)  +  (pQ  +  b(t))u(t  —  a>)  «  0. 

In  this  section,  we  shall  suppose  that  A  is  the  principal 
root,  and  later  we  shall  consider  an  arbltrazy  multiple  root 
A  .  The  characteristic  fxinctlon  for  the  equation  In  (10,1) 

Is 

(10.2)  h(s)  -  s  +  Sq  +  bQe““*. 

Since 

(10.3)  h'(e)  -  1  - 

there  Is  at  most  one  multiple  root,  euid  If  there  Is  one.  It  is 
a  real  double  root  given  by  Tv  ■  —  Sq  —  me  technique 

sketched  In  ^8  for  differential,  equations  sxiggests  that  we 
should  begin  by  translating  the  root  to  the  origin.  This  can 
be  accomplished  by  the  substitution 

(10.4)  u(t)  - 

■•7  as  well  suppose,  then,  that  the  equation  In  (10.1)  has 

a  double  root  at  s  -  0,  In  which  case 


P-1470 

8-28^ 


(10.5)  h(0)  -  +  bQ  -  0, 

(10.6)  b'(0)  -  1  -  bQ<‘J  -  1  +  a^c.^  ■  0. 

After  a  short  calculation,  we  find  that  the  residue  of 
e^*h-l(s)  at  s  -  0  has  the  fom  +  ^2^'  where 


Following  the  procedure  In  ^3,  we  find  that  there  are  solu¬ 
tions  of  the  equation  In  (10. 1)  which  satisfy  the  Integral 
equation 

(10.8)  u(t)  =  c  +  c't  -  [a(t^)u(tj^)  +  b(tj^)u(tj^  -  co)j  dt 

^0 

-  (t  -  t^)  [a(tj^)u(tj^)  +  b(tj^)u(t^  -  ‘o)]dtj^ 

^0 

+  P(t),  t  2  tQ, 

where 

(10.9)  p(t)--y’^  ^(tj^)u(t^)  +  b(tj^)u(tj  -  co)]kj^(t  -  tj^)dt^ 

^0 

^  <^0- 


nie  constants  c  and  o'  are  arbitrary.  Since  aJ.1  roots 
except  s  1  0  lie  to  the  left  of  the  Imaginary  axis, 
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(10.10)  \ki(t)l  ^  09^,  k  <  0,  t  ^  0. 

As  In  our  proTlous  work,  ws  oztrsot  a  dlffsrsntlal  aquation 
froB  (10.6)  bj  dlffarantlatlon.  This  tlas,  two  suooosslvo 
dlffarantlatlons  ars  raqulrad.  tfa  obtain 

(10.11)  u"(t)  -  p"(t)  -  -  Oj^a'(t)u(t)  -  Cj^b'(t)u(t  -  co) 

—  Oj^a(t  )u'  (t )  —  Oj^b(t  )u'  (t  —  co) 

-  02a(t)u(t)  -  C2b(t)u(t  -  co). 

In  ^4,  at  tha  corraspondlnc  point  In  our  discussion,  wa 

put 

(10.12)  v(t)  -  u(t)  —  u(t  —  co) 

and  raplaoed  u(t  —  co)  by  u(t)  —  T(t).  Tha  suocass  of  this 
tachnlqua  was  continuant  on  tha  fact  that  ▼(t)  was  of  lowar 
oz*dar  of  aacnltuda  than  u(t)  Itsalf.  If  this  unadoread 
tachnlqua  Is  triad  In  tha  aquation  In  (10.11),  ona  finds  that 
tha  proofs  cannot  ba  oarrlad  through  In  all  casas.  Tha 
raason  for  this  Is  that  tha  ratio  ▼(t)/u(t)  aay  not  bo  of 
Buf flolantlj  snail  ordar  as  t  — >  co  .  In  ordar  to  handla  all 
tha  casas  In  which  wa  ai*a  Intarastad,  prlaarlly  thosa  In  which 
a(t)  and  b(t)  haaa  asymptotic  power  sorlas  azpanslons,  wa 
tharafora  find  It  assontlal  to  usa  a  nora  raflnad  analysis. 

In  tha  last  tar«  In  tha  right  Banbar  in  (10.11),  wa  wrlta 
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(10.13)  u(t  -ui)  -  uvt)  -<i3U'(t)  + 

Th#  point  of  this  la  that  b(t )uj^(t )/u(t )  will,  In  ganaral, 
ka  of  Bufflclantly  aaiall  ordar,  wharaaa  b(t  )u' (t  )/u(t )  will 
not.  It  la  not  naoaaaAry,  In  tha  oaaaa  In  which  wa  ara 
Intaraatad,  to  uaa  a  alallar  axpanalon  of  tha  tarma 
b'(t)u(t  -  and  b(t)u'{t  -  c->).  If  wa  now  uaa  (10.12),  wa 
obtain  tha  aq\iatlon 

(10.14)  u"(t)  -  p"(t)  -  -  Oj^a'(t)u(t)  -  Cj^b'(t)u(t) 

+  Cj^b'(t)T(t)  -  cj^a(t)u'(t) 

-  Oj^b(t)u'(t)  +  Cj^b(t)v'(t)  -  C2a(t)u(t) 

-  024(t)u(t)  +  02ub(t)u'(t)  -  02b(t)uj^(t). 

Wa  lat 

(10.15)  w(t)  -  u(t)  -  p(t), 

and  obtain 

(10.16)  w"(t)  +  o^a(t)  +  c^b(t)  -  C2^b(t) 

+  Oj^a'(t)  +  o^b'(t)  +  C2*(t)  +  C2b(t)  w(t) 

-  Pi(t)  +  ▼j^(t). 


whara 
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(10.17)  p^(t)  -  -  cj^»'(t)p(t)  -  o^fc'(t)p(t)  -  c^«(t)p'(t) 

-  c^b(t)p'(t)  -  C2«(t)p(t)  -  C2b(t)p(t)  +  C2«b(t)p'(t), 

(10.18)  T^(t)  -  C^b'(t)Y(t)  +  C^b(t)T'(t)  -  02b(t)Uj(t). 


W«  now  U8«  liCBiBa  9  of  ^8  to  ellmlnato  tho  tozwi  contalnlnc 
w'(t)  in  (10.16).  substitution 


(10.19)  w(t)  -  x(t)r(t). 


whez*« 


(10.20)  r(t)  -  sxp 


[cia(tl)  + 


loads  to  tho  aquation 


^  Pi  (t)  +  T,  (t) 

(10.21)  x"(t)  -  f(t)x(t)  -  - rTTT^ 


whoro 


(10.22)  g(t)  -  -  02[a(t)  +  b(t)]  -  Jo^a'(t)  +  c^b'(t)  +  b'(t)] 

+  i[oja(t)  +  Cj^b(t)  -  020»b(t)]*. 


Bio  aquation  In  (10.19)  coirrosponds  to  tho  dlfforontlal 
aquation  In  (8.13),  which  wo  dlsoussod  In  dotall  In  oaso 

00 

b(t)  ~  Z 
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Wo  found  It  nect*»ary  to  divide  the  dleousilon  Into  three 
cases,  aocordlniE  as  ■  0»  0  and  /  0,  or 

/  0.  In  the  first  case,  we  worked  directly  with  the 
equation  In  (b.l3),  but  In  the  other  two  cases  we  employed  a 
Llouville  transformation.  The  equation  in  (10.19)  will  be 
handled  in  a  sisdlar  way,  but  under  general  hypotheses 
similar  to  those  used  in  ^4.  in  this  section,  we  shall  state 
the  general  hypotheses  required  and  the  conclusions  reached, 
eind  we  shall  also  discuss  the  application  of  these  general 
results  to  equations  whose  coefficients  have  asymptotic  power 
series.  In  ^11,  we  shall  prove  the  general  theorems.  In  ^12, 
we  shall  outline  the  extension  to  non-principal  roots  and  to 
roots  of  higher  multiplicity. 

In  our  general  theorems  we  shall  deal  with  functions 
g(t)  satisfying  one  or  another  of  the  following  four  sets  of 
hypotheses : 


I 


(10.23) 

t^g(t)  -  0(1), 

(10.24) 

g'(t)  -  o(g(t)). 

(10.23) 

(c(t  )|dt  <  00  . 

II 

(10.26) 

g(t)  -  CQt"2(l  ^  0(t“^)) 
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III 


(10.2Y) 

f(t ) 

-  o(l)» 

(10.28) 

g(t) 

/  0  for  t  ^  tQ, 

(10. 2y) 

«'(t) 

-o(g(t)^/*),  g"{t) 

-  o(g(t)^), 

(10.30) 

ig(t )i  ^^^dt  -  00 ,  y 

\g(t  )1  dt  <  00  , 

Mo  '\l  ) 

n  00 

J 

rv 

(10.27) 

«(t ) 

-  0(1), 

(10.28) 

«(t ) 

/  0  for  t  ^  t^. 

(10.32) 

g'  (t ) 

-  o(g(t)^),  *"(t)  . 

0(*(t)^), 

(10.33) 

ig(t )  i<it  -  00 ,  <  00 . 

In 

eYex7  caee  ve  also  aek  that 

(10. 3^*) 

11m 

t^oo 

iiij^.l,  11« 

^  t  >00 

g'  (t  -  . 

for  every  number  ^  ^  ^  ^  • 

If 

g(t ) 

hae  the  form 

00 

n»0 

g(t)  satisfiet  th«B«  hypothesaa  for  the  follovirvc  Yaluee  of  a 
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I  a  >  2 

II  a  -  2 

III  1  <  a  <  2 

IV  I  <  a  ^  1. 

H*  Intend  to  proT*  the  following  theoz^w. 

Theorem  6.  Suppoee  that  the  prinolpal  root  of 
h(e)  >  s  -f  Aq  -f  bQe*”^  liee  at  •  -  0  end  le  e  double  root. 
Conelder  the  equation 

(10.1)  u'(t)  +  (a^  +  a(t))u(t)  +  (bQ  +  b(t))u(t  -  o)  -  0 

In  which  a(t)  and  b(t)  are  twloe  contln^ioualy  dlffe^’entl- 
able.  Let  r(t)  ^  g(t)  be  defined  aa  In  equations 
(10.20)  and  (10.22),  rwapeotively .  Then  we  hare  the  following 
reaulta; 

(1)  g(t)  aatlaflea  the  hypotheses  In  I,  3^  a(t), 
b(t),  and  f(t)  aatlafy  the  equatlona  In  (10.34),  and  If 

(10.35)  a(t)  -  0(t~^),  b(t)  -  0(t“^), 

a'(t)  -  0(t"®),  b'(t)  -  0(t“*),  a(t)  +  b(t)  -  0(t"*), 

then  there  exist  two  aolutlona  of  the  equation  In  (10.1)  haying 
the  aayaptotlo  forma 

(10.36)  u(t)  -  (1  ■»-  o(l))tr(t) 
and 


(10.37) 


u(t)  -  (1  +  o(l))r(t). 
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r«»pectively . 

(2)  ^  g(t)  hai  tht  form  In  li,  a(t),  b(t),  and 
g(t)  aatlsfy  tht  aquationa  in  (10-34),  and  If 


(10.33)  a(t)  -  0(t  ^),  b(t)  -  0(t  ^), 

a'(t)  .  0(t“2),  !)'(t)  .  0(t“^),  a(t)  +  b(t)  -  0(t"®), 


than  there  exist  two  iolutiona  of  tha  >iQuatlon  in  (10.1)  o£ 
the  form 


(10.38)  u(t)  -  (1  +  0(1 )  )r(t )  |g(t  )| 


1/2 


axp  ^  (1  +  7j^)  *(^1^ 


1/2 


dt. 


If 


/  “ 


1 


or 


(10.39)  u(t)  -(!-»■  o(l))(f(t)l  ^^^r(t)  log  t 
u(t)  -  (1  +  o(l))lf(t)|“^/'^r(t) 


/  °0 


1 

T 


(3)  if  g(t)  satiaflaa  the  hypotheaaa  in  III,  IT  a(t), 
b(t)  auid  g(t)  aatlafy  the  aquatlona  In  (10.34),  and  if 


(10.40)  a(t)  -  0(|g(t)l^/2),  b(t)  -  0(|g(t)(^/*), 
a'(t)  -  0(|g(t)|),  b'(t)  -  0(/g(t)n» 

a{t)  ^  b(t)  -  0(  \g{t)\ ), 


than  there  exist  two  aolutlona  of  the  aquation  in  (10.1) 
having  the  fora 
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(10.41)  u(t)  -  (:  4  o(l))|t(t)(  l(tj_ 


(4)  I£  *(t)  aatlaflti  tht  hypotheae*  in  IV,  ^  a(t), 

b(t)  and  g(t)  aatiafy  tht  aquatlona  In  (10.34),  and  if 


(10.42)  a(t)  .  0(l*(t)|  ),  a(t)  -  0(  lg(t)l  ). 

«'(t)  -  0(|»(t)i  .  o(  |g(t)|^/^). 


than  thar»  axlat  two  aolutiona  of  the  aquation  In  (10.1 ) 
having  tha  form 

(10.43)  u(t)  -  (1  +  o(l)  )(g(t)|“^^^r(t )  axpl+Z^^  g(t^)^/^dt^| 

■Hia  proof  of  Thaoram  b  will  ba  glvan  in  i^ll  below.  In 
tha  maantlBM,  wa  wiah  to  illuatrata  It  by  dlaouaalng  tho  moat 
Intaraatlng  apeclal  oaaa,  that  in  whloii  a(t)  and  b(t)  have 
aaymptotlc  power  aerlaa  axpanslona 

QD  00 

(10.44)  a(t)  ..  1  a  t"",  t.(t)  -  I  b  t 

M-l  "  n-1  " 


Than 

00  _ 

(10.4:,)  g(t)  z  g  t  ", 

n-l  " 


where 


*1  “  "  '=2**1  ^  *’!>' 

*2  -  -  =2(“2*‘'2)  ■*  ^l*“l'''‘'l)  *  ‘=1  ■i*‘=l®l''’'=l**l"2*l>' 


(10.46) 
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9tc.  Attumlni;  that  a'(t),  a"(t),  b'(t),  and  b"(t)  alao 
hav«  ai/mptotlo  powar  aarlas,  we  oAn  deduce  the  aaymptotlo 
form  of  eolutlona  from  Theorem  6.  Plret,  If 
we  uae  part  (^).  Here 

«  «xp|l  2(gj^t  |o  0(t“^^^) 

Alec 


r(t) 


+  0{t  ^)1  , 


where 


(10.47)  r  -  -  +  c^b^  - 


Hence,  there  are  two  aolutlona  of  the  form 


(10.48)  u(t)  -(!-»■  o(l))t^^'^^  2(g^t)^'^^j. 


On  the  other  hemd,  if  have 

®2  "  ~  ^  ^2^  ^1  ^  ^1* 

If  /  0,  we  apply  part  (2)  of  the  theorem.  Slnoe  now 
r  -  b^,  we  obtain,  from  the  equation  In  (10. 38), 

b  4I/2-K1  , 

(10. 4J)  u(t)  -(!-»-  o(l))t  ^  ~ 

where 


1 

(10.50)  a  -  (»2  +  i) 
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If  *2  “  “  obtain,  from  the  equation  In  (10.39), 

,  b,+l/2  b 

(10.51)  u(t)  -  (1  +  o(i))t  ^  log  t  an<!l  u(t)  -  (1  +  o(l))t 

Finally,  If  8^  ~  <2  "  ®'  follows  fiTom  part  (1)  of 
Theorem  6  that  there  are  two  solutions  of  the  fora 

.  1+b,  b, 

(10.52)  u(t)  -  (1  +  o(l))t  u(t)  -  (1  +  o(l))t  • 

It  will  be  clear  from  the  proof  in  the  next  section  that 
further  terns  In  these  asymptotic  expansions  can  be  obtained 
by  using  the  techniques  of  ^5-  This  will  be  discussed 
further  in  ^12.  In  the  meantime,  let  us  state  In  a  theorem 
the  results  obtained  here. 

Theorem  7.  Suppose  that  the  pirinclpal  root  of 
h(s)  -  s  +  Oq  +  bQo"^*  lies  at  s  -  0  and  Is  a  double  root. 
Suppose  that  a(t)  and  b(t)  have  asyisptotlc  power  series 
expansions 

CP  00 

a(t)~  2  b(t)^  X  bit"", 

n-1  "  n-1 

and  that  a'(t),  b'(t),  a"(t),  and  b"(t)  exist  and  have 
asyuptotlo  power  series  ejqpanslons.  Let 

Ki  ~  +  bj^), 

gg  ■  —  2<o  ^(sg  +  bg)  +  ^1^ 

,  i(f  1  .  |b^  -  2b,  )2, 


,+1/2 
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r  -  2b^  -  ) , 

I 

^  ■  (§2 


Thtn  the  aquation  In  (10.1)  haa  aolutlona  with  tha  followlnj^ 
asynytotlo  forma; 

u(t)  -  (1  t  o(l)  /  0, 


u(t ) 

u(  t ) 
u(t ) 
u(t ) 
u(t ) 


b.**-l/2_4^  , 

(1  ^  o(l))t  ^  ^  «r  ^  ^2  ^  ~'n‘ 


b  >1/2  ; 

(1  +  o(l ) )t  log  t  ■ 


b.>l/^ 


»  *  0»  82  ■  “  '5' 


(1  4  o(l))t 

b  .1 

(1  >  o(l))t 


(1  f  o(l))t 


/  «1  “  0,  -  0. 


It  Dhould  ba  ktpt  in  odnd  that  in  l^aorana  6  and  7  wa 
hava  auppoaad  that  tha  doubla  root  has  baan  tranalatad  to 
tha  origin. 


11.  Proof  of  'ttiaoram  on  Hultipla  frinoipal  Boot 

Wa  ahali  bagin  by  proving  part  (4)  of  tha  thaoran,  ainca 
this  ia  tha  laoat  difficult  in  tha  aanaa  that  it  ia  tha  only 
part  of  tha  proof  in  which  tha  oxpanaion  in  (IO.I3)  ia 
aaeantial .  Tti%  diaouaaion  in  ^8  indicates  that  wa  ahould  make 
a  Liouvilla  transformation,  s  -  •(!),  where 
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(11.1)  •(!) 


This  lntroduo«B  a  new  re&I  variable  s  (not  the  oompiex 
variable  In  (10.2)).  It  la  evident  from  the  relatione  In 
(10.33)  that  a  ->  +  00  aa  t  "  >  +  00  .  The  equation  In 
(10.21)  la  trajiaformed  Into 


(11.2) 


d^x  g'(t)  dx 

— 3  ±  — fc-i"' ;  X 

2  If  ( t  )1  da 


P^(t)  v^(t) 

r(t)  |g(t  )1 


where  the  upper  algna  are  to  be  uaed  If  g(t)  >  0  emd  the 
lower  algna  If  g(t)  <  0.  (Ely  hjrpothesla,  g(t)  0  for 
t  ^  Iq).  The  terra  containing  dx^^da  la  now  eliminated  by 
the  aubatltutlon 

(11.3)  X  -  y(i)|«(t)r^^''*. 


llie  reaultlng  equation  la 


(n.^) 


^  Ri(t)'y 

^  i 


Pl(t)  V^(t) 

r(t  )|g(t)l 


where 


(11-5) 


«l(t) 


^  l«(t)|^ 


g"(<-) 


1^“  g(t)  >  0  for  t  ^  t^,  It  followa  from  Lensiaa  11 
that  every  aolutlon  of  the  equation  In  (11.4)  aatlaflea  an 


Integral  equation 
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(11.6)  y(i) 


■  — ■ 

O^t  + 


k/’ 


-(•- 

-1) 

e 

—  e 

Pi(ti)  'j- 

r(t^)t(t^)V'*  J 


<1«^, 


wh«re  and  ar«  r«lat«d  aa  In  (11.1).  If  g(t)  <  0 

for  t  ^  t^,  wa  havt,  Instead  of  (11.6), 


(11.7) 


la 


y(«)  -  c.e  c.e 


—la 


1  /?  a 

^  '51^  / 

®0 


l(a-a,  ) 


I;(ti)y(a^) 


Pl(ti)  v^(t^)' 


da 


1* 


since  the  dlacuaslon  of  the  eqiiatlon  In  (11.6)  and  that  of 
the  equation  In  (11.7)  are  very  similar,  It  will  be  enoxogh  to 
give  only  the  former.  If  we  return  to  the  orl|;lnal  variables 
by  means  of  the  substl tutlone  In  (11. j),  (11.1),  (10.19),  and 
(10.15),  we  obtain  in  place  of  (11.6)  the  equation 

(11.8)  u(t)  .  p(t)  c^r(t)g(t)-^/^®('')  4  c^r(t)g(t)-^/\-^(^) 

+  r(t)g(t  e  ^  ^  n(t^)dt^ 

^0 

-  r{t  )g(t  e  ^  n(tj^)dt^, 

^^0 
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wh«r«,  for  th«  oak*  of  abbrovlatlon,  va  have  let 

(U.9, 

2r(t)  ^  J  2r(t)g(t)'^/^ 

Here  B(t)  represents  the  function  defined  In  (11.1). 

We  propose  to  use  the  eqviatlon  In  (11.8)  to  show  that 
there  are  solutions  for  which 

u(t)  -  r(t)f(t)“^/^ei®^^^(l  +  0(1)), 

as  stated  in  Theoren  6.  liie  procedure  to  be  used  is  similar 
to  that  in  ^4,  but  more  complicated  in  detail.  We  begin  by 
deriving  an  expression  for  v(t)  from  (11.8).  If  we  let 

(11.10)  q^(t)  -  r(t)g(t)“VV®<^^ 

(11.11)  Aq^(t)  -  r(t)g(t)-VV®<^)  -  r(t  -co)g(t  - 


we  obtain 


(11.12) 


T(t)  -  Ap(t)  +  C|^Aq^(t)  +  o^Aq_(t) 

+  Aq^(t)y^^e  *^^^^n(t^)dtj^ 
^0 

^ — e(t, ) 

^0 

-  \  ^  n(tj^)dt^. 
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_a(t, ) 

(11.13)  «'(t)  -  p'(t)  +  C|^q|(t)  +  o^<^^(t)  + 

*0 

I-  •(tj 

-  •  n(t^)<lt^. 

^0 

Prom  these  expreeelona  we  get 

(11.14)  -  Uj^(t)  -  v(t)  -  cai'(t) 

-  Ap(t)  —  6:kp'(t)  +  C|^^Aq^(t)  -•aiq|(t)J 
+  C5[4q_(^)  -  «^(<^)] 

^0 

+  [q^(t)  -oq;(t)]^^e“*^^^^n(t^)dt^ 

-  [Aq.(t)  -oql(t)]  /^‘"e*^''^^a(t^)dt^ 

*0 

-[q^(t)  -  aq:.(t)]^^e*^''^^n(t^)dt^. 


Finally,  from  the  equation  In  (11.13)  »• 
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(11.15)  v'(t)  -  Ap'(t)  +  c^Aq^(t)  >  o^AqJ_(t) 


t'— OJ 

/>  4  ) 

“  ^  n(t^)(lt^. 


,V2 


Since  ■'(t)-g(t)^,  r'(t)-  1/2  c^a(t)  0^(1  -  '‘i)b(t)j  r(t) 


(11.16)  g;(t)  -  q^(t) 


c  a(t)  c  (l-u))b(t)  g'^t) 

^ - ^ - 

2  ^g(t) 


From  the  hypothteea  In  (10.32)  and  (10.42),  It  followi  that 
(11.17)  q;(t)  -  g^(t)o(g^/^). 


>tor«over,  by  the  Mean  Value  Theorem, 

Aq^(t)  -  -  ^q|(t  -(./)-  q^(t  -  <-^/)0(g(t  - 

0  <  £<  1. 

Slno«  a(t),  b(t),  and  g(t)  all  aatlafy  tha  ralatlona  In 

(10. 3**), 

(11.18)  aq^(t)  =  q^(t)o(g(t)^^^^), 
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31nc«  a'  -  0(g),  b'  -  0(g),  g”  -  O(g^),  and  g'  -  0(g^^^), 
It  can  b«  deduced  froa  (II.I6)  that 


(11.19)  q;(t)  -  q^(t)0(g). 

Hence 

(11.20)  iq;(t)  -  q^(t)0(g), 
and 

(11.21)  4q^(t)  -uq^(t)  -  q^(t)0(«). 

Prom  tho  definition  of  p(t)  In  (10.9)#  wid  the 
Inequality  In  (10.10),  we  find  that 

|p(t)|  ^  i|a{t^)  b(t^)l  tv*(t^)l 

^0  t 

+  lfc(tj)|  |T(t^)||  • 


Let 


(11.22)  a,  (t)  -  max 


u(t,  ) 


m  (t)  -  max 

to^t^^t 


v(t^) 


q^(ti)g(ti) 


V5 


Then  elnce  |a  bf  and  |b|  are  0(g), 
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^0 

Ttie  Integral  la  of  the  form  in  Lenuoa  3>  with  g(t)^^^  In 
place  of  g(t)  and 

f(t)  .  -  ^  [cj^a(t)  +  0^(1  -  <.0t»(t)]  . 

Prom  the  hypothetei  in  IV  and  (4),  It  can  be  verified  that 
the  oonditiona  in  Lemma  3  ai*a  met.  Hence 

(11.23)  lp(t)|  ^  ce*^^  ^g(t)^/^r(t  )]ia^(t )  4  m2(t)| 

1.  J 

-  cq^(t  )g(t)|ni^(t)  4  m^Ct)!  . 

By  differentiating  the  equation  in  (10.9)»  we  also  find  that 

(11.24)  lp'(t)l  ^  oq^(t  )g(t)|m^(t )  4  m2(tj^ 

and 

(11.25)  |Ap(t)|  ^  cq^(t)g(t)  |ii^(t )  4  n2(t)j. 

Hence 

(11.26)  (Pj^(t)l  ^  oq^(t  )gU  )^(m^(t )  4  )]  • 

Since 


(11.27)  l*i(t)|  <  Cg(t), 
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by  the  hypotheses  in  (10.32),  we  oan  deduce  from  the  equation 
in  (11.9)  end  the  inequalities  in  (11.23)  end  (11.26)  that 


(U.28)  |n(t)|  g  - 


j(t)J 


+  c 


v^(t ) 

- m  • 

r(t)g(t )^^ 


Using  this  inequiility  in  (II.8),  we  get 

^  cg(t)(ia^(c) 


q^(  t ) 


+  cU^(t)  .»■  g(t^)^/^dt^ 


-8(t^) 


IW  &  V  > 

>0  r(t^)g(t^)' 


dt^. 


^3/2, 


Since  I  *•  siiall  as  we  please  if  t^ 

Buffioiefitly  large,  and  g(t)  -  o(l),  it  fellows  that 

(11.29)  -,(t)  i  c  .  c-,(t)  .  I 


On  the  other  hand,  from  (11. Ik)  and  (II.I8),  we  have 
I  ^  cg(t)^itt^(t)  +  m2(t)j  ^  og(t)^/^ 

c«(t)^^  y’^e  ^  |n(t^)l  dt^ 

^0 

^  2  ^  |n(t,  )ldt  . 

Xr-CJ 
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Usin^  (11.28)  aM  (11.29)  imd  the  fact  that 


and  auppoiln*  eufflclently  large.  It  foilowi  that 

V  d  ^ 

(11.30)  m  (t)  ^  0  t  0  ^  '1  ;'4 -  dt 


/?  t  1 


-a(t^) 


d  t  ^ . 


Henoe  aleo 


(11.31)  ■^(t)  ^0  +  0/ 


t  V 


■•(tj) 


t  'i* 


-»(ti) 


dt^ . 


In  the 


(11.32) 


way,  we  find  from  the  equation  in  (11.13)  that 

■Vt^Tn  ^  ^ 

q^(t)g(t)  t^  1  rg  1 


-•(t. ) 


9 1  1 

+  c  /  - - 

1  rg' 


-  dt^. 


Since 
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i  =g(t//^/‘  r’"l’|n(ti)|dtj. 


we  find  from  the  equation  In  (11,14)  that 


(11.33) 


I  'ii(t) 
q^TI 


^  cg(t)j^m^(t)  +  m2(t)j  +  cg(t) 
+  cg(t)y^^  e  ^  ^V^'^l^l'^^1 


(n(tj^)|  dtj^. 


Using  the  Inequality  In  (11.28),  we  therefore  obtain 

(11.34) 


u^(t) 

-s(t,  ) 

^  C  +  c  ^ 

h* 

q^(t)g(t) 

rg-*-/** 

1 

-8(t, ), 

dt, 


+  c 


/ 


t— w 


’'l* 


rg 


ipr 


dt^. 


It  follows,  since  b(t)  =  0(g)  and  b'(t)  -  0(g^^^), 

“«{ti  )  I 


Vj^(t) 


q^(t)g(t)- 


s  0  ,  0/' 
^0 


^1* 


rg 


T/r 


dt, 


‘V-to 


^1* 


-•(ti) 

375 


rg 


dtj^. 


that 


P-1'470 
8-2B-  :;G 
-110- 


Let 


(11.35)  «3(t)  - 


vi(ti) 


Then 


(11.36) 


v,(t) 


3  <4^  1  1 


,q_(t) 


t— <4) 


If  !•  fufflclently  large.  It  follows  that  nL^(t)  ^  c. 

Hence, 

(11.37)  |v;j_(t)|  ^  cq^(t)g(t)^  ^  ^r(t  )g(t 

(11.38)  lv(t)(  ^  cq^(t  )g(t  ^  ^r(t  )g(t 

(11.39)  |u(t)|  ^  cq^(t)  ^  oe®^^  ^r(t  )g(t)“^/^. 


Onoe  these  Inequalities  have  been  established,  the 
asymptotic  form  of  u(t)  can  be  found  I'rom  the  equation  in 
(11.8).  The  i  'equalities  in  (11.23)  and  (11.26)  now  become 

lp(t)l  ^  ce®^^^g(t  )-^/^r(t), 

lp^(t)|  ^  ce®^^^g(t  )^^  ^r(t ), 

and  that  in  (11.28)  shows  that  n(t)e'~*^^^  is  absolutely 
integrable.  Therefore 
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(11.40)  u(t)  =  o^r(t)g(t)  ^  >  c^r(t)g(t) 


wh«r« 


00 


(11.41)  0(^-0^-/-. 

^0 


‘(t, ) 


^  n(t^)dt^. 


Taking  -  1,  0^  =  0,  and  BuTfloltntly  lax*ge,  wa 

a««  that  /  0.  Uilng  Lamaa  7,  with  n  -  3/2,  wa  find 
that 

-i/o  2»(t,  ) 

/  .  Mn(4)ldt^  ^  o/‘  ,(t^)3/2,  Idt^ 


S  og(t).2-(^). 


Tharefora 


u(t)  -  (0^  -f  o(l))r(t)g(t) 

To  astabllah  tha  axlatanca  of  a  aolution  of  tha  form 
(c  o(l))r(t  )g(t 


wa  uae  tha  aathod  of  aucoasalva  approxlaatlona,  as  In  ^6. 
Tha  aquation  In  (11.8)  la  first  raplaoad  by 
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(11.42)  u(t)  -  p(t)  ^  r(t  )g(t 

-  r(t)g(t  ^  ^  n(t^)dt^ 

t 

Wt  ^ilall  omit  th«  dttalla  of  the  argument. 

Aa  previously  renazHcad,  the  argujnsnt  la  vlx*tually 
unchanged  If  g(t)  <  0  for  t  ^  t^.  In  that  case,  there 
e  aolutiona  of  the  form 

u(t)  -  (c  +  o(l))r(t) 

We  have  thus  ooiaplated  the  proof  of  part  (4)  of  Theorem 
6.  The  denonstration  given  needs  only  very  slight  modifi¬ 
cation  to  apply  to  part  (3)  of  the  theorem.  In  fact,  all  the 

relations  in  (11.1)  -  (11.25)  are  atill  valid.  Since  we  are 

i  ■'o 

now  assuming  only  that  a(t),  b(t)  0(g(t)  ^  ),  the 

relation  in  (11.26)  becomes 

(11.43)  lri(t)|  ^  cq^(t  )g(t  )^/^jai^(t )  +  m^(t)|  . 

It  is  now  found  that  ^  Ineqviality  in 

(11.28)  must  We  replaced  toy 

(11.44)  |n(t)|  ^  oe“^^^^B^(t)  >  r»2(  t  )i^(  t  )^'^^g^(  t )  +  g(t)| 

r(t)g(t)^^  ‘ 


+  c 
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From  th«  equation  in  (11.6),  we  therefore  get 


Slnoe  g(t)  and  s(t  t )  are  Integrable  over  the 

infinite  range,  the  equation  in  (11.29)  is  now  obtained.  Since 

(U.45) 

i  0  +  *(C)  -0(1^'''^) 

we  find  In  the  aame  way  as  before  that  the  equation  in  (11. 30) 
holds.  Likewise  (II.3I)  -  (11.3^)  reiaain  true.  From  the 
definition  of  v^(t)  in  (10. 18),  and  the  hypothesis  that 
b  -  0(g  ^  ),  b'  -  0(g),  we  therefore  obtain  in  the  sajoe  way 
as  before 

(V;^(t)|  ^  oq^(t  )g(t  )^/^  ^  ce®^^^r(t)g(t)^/^ 
and  therefore 

tu(t)\  ^  cq^(t)  ^  oe*^^^r(t)g(t 


The  rest  of  the  pxx>of  of  part  (3)  is  as  before. 

We  now  turn  to  a  disouscion  of  part  (2)  of  the  theorem. 
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Wtt  uit  th«  Llouvllle  tr&nsfoiTmation  in  (11.1),  which 

hut  th«  form 

(11.46)  •(t)  -  log  t  +  c  f  0(t“^), 


and  the  tranafomation  in  (II.3).  We  find,  howerer,  that 


(ii.47)  g,(t) - ^  f  (t) 

x  I  -  i  t 


4|oo\ 


whex*« 


(11.48)  g„(t)  -  0(t  ^). 


If  we  put 


(11.49)  - 


1  + 


1/2 


the  equati  n  becones 

(11.50)  ^  -  0^  ■ 

ds'  ^  ^ 


P2(t)  +  Vi(t) 

r(t)|g(t)| 


where  the  lower  sign  ie  be  ueed  la  <  —  1/4,  and  the 
upper  aign  if  Oq  >  —  1/4.  We  can  ahow  by  the  method  uaed  to 
prove  part  (3)  of  Theor^a  6  that  there  are  aolutiona  of  the 
form 

(11.51)  u(t)  .  (1  ^  o()  ;;r(t)|g(t)|~^/V‘’3*(‘),  Oq>-^, 

u(t)  -  (1  +  o(l;;r(t)jg(t)|  3  ,  OQ<-i. 
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Onlj  adnor  Bodlfloatlona  in  tha  proof  mro  zvqulrad.  Tha  two 
aqxiatlena  In  (11. 31)  oan  ba  oowbinad  In  tha  alnfla  ralation 


(11.52)  u(t)  -  (1  +  o(l))r(t)|f(t)r^/^ 


axp 


°o  /  - 


On  tha  othar  hand.  If  Cq  -  -  1/4,  than  -  0,  and  tha 
aquation  In  (II.30)  laada  to  a  rapraaantatlon  of  tha  forw 

(11.53)  u(t)  -  p(t)  +  o^g(t)“V^r(t)  +  o^t(tr^/^r(t)B(t) 

f(t)“^/V(t)a(t)y’^  n(t^)dtj 

-f(t)“^/V(t)/^  a(t^)n(t^)dt^ 

^0 


whara 


(11.54)  n(t)  -  - H^)  -  P(t)] 


Pi(4)  +  ▼!(<;) 


rathar  than  an  aquation  of  tha  form  In  (11.8).  Ualng  tha 
aaaa  prooadura  aa  bafora,  wa  oan  ahow  that  ona  aolutlon  haa 
tha  font 

u(t)  -  (1  +  o(l))8(tr^/^r(t)B(t), 

and,  ualng  auooaaalva  apprexiwatlona,  that  a  aaoond  haa  tha 
forw 


u(t)  -  (1  +  o(l))*(t)’-V4y(t) 


•Mm 
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ThlB  la  tha  rtault  atated  in  part  (2)  of  Tlieoram  6. 

Finally,  to  provt  part  (1)  of  'Hioorem  6,  wa  daal  directly 
with  the  equation  in  (10.21),  aa  the  Llouvllle  tranaromatlon 
la  unneceaaary.  From  Lenoa  11,  we  obtain  the  Integrsd 
equation 

(11.55)  u(t)  -  p(t)  4-  Cj^r(t)  4.  c^tr(t)  r(t)y^^  (t  -  t^)n(t^)dt^. 


where  c,,  and  c.  are  artltmry  and 

(11.56)  n(c  -  -l|^^u(t)  -  p(t)(  --i - — i -  . 


We  now  proceed  in  the  aame  way  aa  before,  obtaining  expreanlona 
for  v(t),  u'(t),  v'(t),  and  from  the  equation  In 

(11. 55)'  Since 

|A(tr(t))|  ^  or(t), 

|4r(t)|  5;  0 


etc.,  we  can  eatabllah  the  following  inequalltlea  by 
following  the  aeuoe  procedure  we  used  for  the  equation  In  (11.8): 

|u(t)|  ^  otr(t), 

lv(t)|  ^  cr(t). 

Hence 

|p(t)l  ^  cr(t)/t. 
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|n(t)|  ^  otg(t)  ^  ct 

If  /  0,  It  follow!  from  tho  •quatlon  In  (11.55)  that 

u(t)  -  p(t)  +  c^tr(t)  -h  o^r(t)  -  tr(t)y^®  n(t^)dtj^ 

-  t^n(t^)dt^, 

wh#r« 

°6  -  “=5 

Taking  -  1,  -  0,  and  chooalng  to  larg#  that 

/  0,  w«  obtain  a  solution  u(t)  -  tr(t)(l  +0(1)).  To 
show  the  exiitenof  of  a  solution  of  the  form  u(t}  -  r(t)(l  ^  o(l)), 
we  replaoe  the  equation  in  (11.55) 

(11.57)  u(t)  -  p(t)  +  r(t)  -  tr(t)y^°®  n(t^)dt^ 

t^n(t^)dt^, 


and  ufte  euooeialve  approxlnationt*  In  thla  waj,  tha  proof  of 
'Hieorem  6  oan  be  completed. 

12.  Other  Kultlp]*:,  Roots 

In  ^^10-11^  we  have  given  a  oomplete  discussion  of  whs 
diffex^ntial-differenoe  equation 
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(12.1)  u'(t)  >  (a^  >  a(t))u(t)  4  ^  k(t))u(t  -  co)  -  0 

having  a  principal  douala  root.  In  this  section,  we  should 
like  to  give  a  krief  indioation  of  now  to  handle  other 
multiple  roots.  In  the  first  place,  suppose  the  equation  has 
a  real  double  root,  not  necessarily  the  principal  root,  at 
s  -  A.  Again  we  can  sxippose  this  root  has  been  translated  to 
6^0.  We  establish  the  existence  of  solutions  having  the 
form  indicated  in  Theorems  6  and  7  sy  use  of  the  method  of 
successive  approximations,  as  we  did  in  ^6  for  a  real, 
simple  root.  The  definition  of  p(t)  in  (10. 9)  must  now  be 
replaced  by 

(12.2)  Wtj)u(t.^)  +  b(t^)u(t^  - 

+  y'*’  fa(t^)u(tj)  +  b(t_^)u(t^  -o)]k2(t  - 
t 

but  the  other  equations  in  (10.8)  -  (10.22)  are  unaltered  in 
appearance.  If  the  hypotheses  of  part  (4)  of  Theorem  6  are 
satisfied,  for  example,  we  proceed  as  in  ^11,  and  again 
obtain  the  Integral  equation  in  (11.8).  If  we  desire  to  find 
a  solution  of  the  form 

(12.3)  U(t)  -  (1  .  o(l))r(t)s(t)-^/'‘«*(‘^ 


we  define 
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"  P-(^)  ■*•  »'(^)«{t') 


(tj 


>  r(t)f(t)  V4^*(t)^/;t  ^  1  nj^(t^)dt^ 


-  r(t)f(t)‘ 


-i/V.(t)  /t  .'<‘1)  (, 


n.(ti).lt^ 


t  ^  B  "  0flf2f..tf 


wher« 


(12.5)  P„(t)  -  ^  '►(h  Vh  ‘ 


*(h>Vh  -‘^)]‘‘2<‘  -  h 


and  wh«r« 

(12.6)  n^(t) 


’l,.(‘>  *  ’l.- 


Ttiara  IB  now  no  difficulty  In  deriving  expressions  for 
u'(t),  u,  (t),  v'(t)  like  those  In  (11.12)  -  (11. 15), 
respectively.  Proceeding  by  Induction,  we  can  show  that 
Uj^(  t  )r(  t  )“^g(  t  )^'^^e~*^ ^  Is  bounded,  and  then  that  the 
sequence  oonvergeB,  uniformly  In  any  finite 

Interval,  to  a  solution  of  the  equations  In  (12.4)  and  (12.1). 
We  shall  omit  the  details,  niat  u(t)  has  the  foins  In  (12.3) 
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followB  tailly  from  the  integral  equation  satiafied  by  u(t). 
In  order  to  eatabllah  the  exiatenoe  of  a  solution  of  the  form 

(12.7)  u(t)  .  (1  +  o(l))p(t)*(t)“^/ 


we  replace  the  equation  in  (12.4)  by 

(12.8)  “  r(t  )g(t  ^  ^  ^a^^l 

t 


■f 


+ 


r(t  )g(t) 
r(t  )g(t ) 


-l/4^~B(t  ) 
-l/4^-s(t ) 


00 


B(ti) 


and  proceed  aa  before.  The  other  parta  of  Theorem  6  can  be 
dealt  with  similarly.  Hence,  Theorems  6  and  7  remain  Talid 
if  a  -  0  ia  any  double  root,  not  neoeaaarily  the  principal 
root . 

We  should  again  like  to  remark  that  if 

oo  oo 

(12.9)  a(t)  a(t)  .v, 

then  the  aolutiona  u(t)  of  the  equation  in  (12.1)  have  full 
asymptotic  expansions,  which  can  be  found  in  a  fashion  aisdlar 
to  that  in  ^5*  Suppose,  for  example,  that  ^ 

>  0,  and  tlast 

u(t)  -(!-»■  o(l)  erpi^2(g^t  )^^^|. 

This  function  satisfies  an  equation  of  the  form  in  (11.8). 
the  relations  in  w*  have 
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|n(t)|  ^  ct  •xp|2(t^t)^/^j. 

The  equation  In  (11.8)  can  therafora  be  rewritten  as 
(12.10)  u(t)  -  p(t)  +  exp(2(f^t )^/^| 


+  •xpj-  2(K^t)^/^ 


-  t^^/^  n(t^)exp  -  2(f^t^)^^^|(lt 


-  •xpj-  n(t^)exj>  2(f^t^  )^/^|  dt^ 


It  follows  that 


(12.11)  u(t) 


.  0(t-V2 


t-V"*  „pj2(,^t)V2j. 


With  the  aid  of  this  expression,  we  can  demonstrate  that 


p(t)  -  ic.^t  ^  ^  0(t  ^^^) 


L 


ivl/4 


exp  (2(Kit)^/^L 


using  the  technique  In  ^5 •  'Hien 


P^(  t ) 


'8' 


^  ^  +  0(t“^'^^) 


tr^l/b 


exp 


1/2 


Direct Ij  from  the  relation  In  (12.11)  we  can  find  sisdlar 
asjwptotlo  expressions  for  >r(t),  v'(t),  u^(t),  T^(t),  and 
finally  deduce  that 


n(t)  - 


exp 


fa(iit) 


'3ln<  this  relation  in  (12.10),  wa  get 
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u(t)  -  %  -  2c^t  ..  o(t  .xp 

.  J 

Ilepetitioni  of  this  argument  shew  that  the  solution  has  an 
asyvptotio  expansion 

(12.12)  u(t)-  Mp|2(Cjt)-^/2|  I  u  (u^^O). 


Once  it  is  kzMwn  that  the  solution  has  an  expansion  of  the 

indioated  fons,  the  yalues  of  the  coeffloients  u  and  of 

n 

the  parameters  r  and  are  most  easily  found  by  sub¬ 

stituting  the  expression  for  u(t)  into  the  original 
differential-difference  equation,  and  equating  coefficients 
of  like  powers  of  t. 

Asymptotic  expansions  of  u(t)  czm  be  found  in  a 
similar  way  in  the  ether  cases  of  Theorem  7.  These  expressions 
may  inyolve  combinations  of  powers  of  t  and  log  t.  For 
oxample,  if  "  <2  ^  solution  has  the  form 


u(t ) 


00 
+  L 
n-1 


+  log  t 


In  some  of  the  other  cases,  higgler  p>owers  of  log  t  appear. 

Ve  shall  close  this  section  with  some  remarks  about 
equations  of  more  oompliosted  form  than  that  in  (12.1).  For 
equations  of  higher  order  (in  dsriYatives  or  differences) 
than  the  one  in  (12.1),  it  is  possible  to  have  non-real  double 
roots,  or  roots  of  multiplicity  greater  than  two.  In  the 
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former  situation,  wt  procaod  at  In  ^7,  whiia  in  the  latter, 
we  have  to  Ceal  with  higher  order  differential  equations. 

For  exaaple,  if  a  root  has  oailtiplloity  three,  we  are  led  to 
an  equation  of  the  for* 

x'''(t)  >  Oj^(t)x-(t)  C2(t)x(t)  -  w(t). 

Solutions  of  suoh  an  equation  can  ie  written  in  terms  of 
Integral  operators  by  using  the  method  of  variation  of 
parameters.  If  necessary,  we  first  make  a  Liourille  trans> 
formation  s  •  s(t), 

»(t) 

where  A(t)  is  one  root  of  the  oharacteristio  equation 

>  c^(t  )A  +  a^(t )  -  0. 

As  the  details  becoine  even  more  involved  than  before,  we 
shall  omit  a  more  complete  disoussion. 

Ij.  IHore  general  Functional  Squations 

In  attempting  to  extend  the  foregoing  results  to  more 
general  linear  functional  equations  of  the  form 

(13.1)  L(u)  -  g(t)u, 

where 

0-1  c , 

(13.2)  g(t)->-^r— •**» 
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VQ  •§•  thu.t  th«  teohniqaat  w«  have  tiaployad  hlnca  upon  two 
teailo  faotai 

(13*3)  (a)  Tha  aolution  of  l(u)  -  r(t),  with  approprlata 

initial  oonditions,  haa  tha  forn 

u  *“  a)f(a)dfl. 

OD  ?<.t 

(b)  k(t)  -  I  a  a  ^  Ra(A  )  >  ..., 

k-1  1 

as  t  — >  00  . 

Onca  it  har  baan  aatabliahad  that  tha  linaar  operator 
L  poaaaaata  tha  required  propartiaa,  we  aajr  readily  obtain 
.analogue!  of  the  foregoing  results. 


